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The integral equation theory of pure liquids, combined with a new “scaling approximation” based
on a corresponding states treatment of pair correlation functions, is used to evaluate approximate
structure factors for colloidal fluids constituted of uncharged particles with polydispersity in size
and energy parameters. Both hard sphere and Lennard-Jones interactions are considered. For
polydisperse hard spheres, the scaling approximation is compared to theories utilized by small angle
scattering experimentalistdecoupling approximation and local monodisperse approximasnd

to the van der Waals one-fluid theory. The results are tested against predictions from analytical
expressions, exact within the Percus—Yevick approximation. For polydisperse Lennard-Jones
particles, the scaling approximation, combined with a “modified hypernetted chain” integral
equation, is tested against molecular dynamics data generated for the present work. Despite its
simplicity, the scaling approximation exhibits a satisfactory performance for both potentials, and
represents a considerable improvement over the above mentioned theories. Shortcomings of the
proposed theory, its applicability to the analysis of experimental scattering data, and its possible
extensions to different potentials are finally discussed. 1999 American Institute of Physics.
[S0021-960699)51138-7

I. INTRODUCTION In this paper we present integral equatidg) calcula-

Colloidal solutions consist of mesoscopic particles, withtions for the structure of polydisperse one-species fluids con-
diameters between 16 and 104 m, suspended in a micro- Stituted of uncharged particles with hard sphéksS) or
scopic fluid. Colloidal particles of a same chemical specied-€nnard-JonesLJ) interactions, with polydispersity in size
are not necessarily identical, but may differ in size, charge oand, for LJ systems, also in energy parameters. IEs of statis-
other propertied? This phenomenon is called “polydisper- tical mechanics represent a powerful, although approximate,
sity,” and systems in which it does not occur are said to betool to determine both structures and thermodynamics of flu-
“monodisperse.” A microscopic description of a fluid with a ids in a simple way. However, while using IEs for pure fluids
significant polydispersity is a difficult task, requiring a large or pinary mixtures is a rather common and successful prac-
number of independent variables. A great simplification iSyjce, their application to multicomponent systems with large
however_, p055|ble_by using th_e so-caliehtinuous-mixture p or p—oe is problematic and, consequently, less frequent in
or polydisperse-mixtuteformalism. Such a model, adopted the literature>* Only in special cases, when analytical solu-

also in this paper, views the fluid as containing an infinite,. . . . .

. . o tions are available, |IE calculations for polydisperse fluids can
number of componentgp(— =), with a continuous distribu- b ; dqi . d relativel For i
tion of size and/or other properties. All molar fractions of the € periormed In a rigorous and relatively easy way. For in-

components are then replaced by a single distribution funcStance. a closed analytical formula for the scattering intensity
tion, which describes the composition of the system. of polydisperse hard spheres was obtained by*\irjm the

Since polydispersity can significantly affect the micro- solution of the Percus—YeviclY) IE. Similar expressions
scopic ordering of colloidal suspensions, it must be takerwere derived for polydisperse charged hard spheres, by using
into account in the analysis of experimental data on suclhe corresponding analytical solution in the mean spherical
fluids. In particular, we are interested in static structure facapproximatiorf.
tors obtainable from small angle scattering of light, neutrons  Unfortunately, for most “closures” and for most poten-

or X rays. tials, including the LJ one, the IEs must be solved numeri-
cally, requiring more and more computer memory and time

3Electronic mail: gazzillo@unive.it with increasingp, so that the problem soon becomes practi-
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cally intractable(D’Aguanno and Kleif reachedp= 10 for P
Yukawa plus HS interactions Rap(r)=Cap(r)+p 2 xyf dr'c,(r h,s(lr=r']),
To overcome the impossibility of investigating polydis- r=1

: D
perse systems when IEs have to be solved numerically, al-
ternative routes have been proposed. The common idea is where h,z(r)=g,g(r)—1 is the total correlation function
replace the polydisperse fluid with an appropriate systenibetween two particles of speciesand g at a distance,
with very few components. A first method, not analyzed ind,s(r) is the radial distribution functioRDF), c,4(r) is
this paper, builds up an equivalertfective mixturewith  the direct correlation functiom=N/V the total number den-
p’<p new components, whose molar fractions andsity (N=total particle numbery=volume andx, the molar
diameters—in the case of size polydispersity—are deterfraction of speciesy. These equations can be solved only
mined by replacing the continuous size distribution with awhen coupled with @losurerelationship, given by the exact
p’-component histogram and requiring the equality of theformula
first 2p’ moments of the two distributiongp(=2 or 3 is _ _
usually sufficient?® Other methods assume that the proper- Caplr) =X~ Uap(N)/Kg T+ Yap(r) + Bup(r)]
ties of polydisperse fluids can be obtained, to a good ap- —1—y,p(r) 2
proximation, from those opure fluids, if suitably averaged
parameters and appropriate recipes are used. This same
idea has often been employed, in several varignés der

\é\./atilﬁ equ?jtlon Of sta'?al,_ pg(;turp?tmn thg:ﬁrles,),etlcli.pre-b Boltzmann’s constant andl' the absolute temperature;
ict thermodynamics of liquid mixtures with a small number Yap(r)=has(r) —Cap(r)]. The OZ equations admit an ana-

-11 . e . .
of component$.™! Some significant applications of these lytical solution only in a relatively small class of cases, for

concepts have also been made to structural studies of pol ome potentials and some peculiar closures.

disperse systems, mainly by experimentalists in the analysis In the first case considered in this paper, i.e., for HS

of sca'\ttering datg. thlarchyk angl Cﬁénintroduced thatle- particles with additive diametéfso,, corresponding to the
coupling approximation(DA), which is perhaps the most otential

famous of these approaches and involves an exact evaluation
of the form factors for all components of the polydisperse +oo, 1<o.,=(0,t0p)/2
system, but approximates every partial structure factor with Uap(r) = 0, =0, 3
that of a one-component fluid. A second approximation, sug- ) o o
gested by Pedersthand known adocal monodisperse ap- &N analytical solution is possible if one adds to the exact hard
proximation(LMA ), replaces the polydisperse fluid not with €ore conditionh,z(r)=—1 forr<o,z, the PY approxima-
a single pure system, but with a superposition of nonintertion
acting pure fluids, whose number equals that of the species in Bag(1)=IN[1+ y,5(r) 1= yap(r) for r>a,pg, (4)
the mixture. S .

The aim of the present paper is twofold. First, both DAWhICh 1S equalent t@aﬁ(r,)zo, for r>_Ua[?'
and LMA are discussed in terms of pair correlation func- iny a nur_nencal solution IS feasible in the second case
tions, to get some insight into their shortcomings. Second®f this paper, i.e., the LJ potential
we propose a simplscaling approximation(SA), which, Tup 12
with respect to DA and LMA, takes excluded volume effects ~ Uap(l) =4€45 r -
more correctly into account and therefore yields significantly _
improved structure factors. By using corresponding states atvhereo,; are LJ diameters and, ; energy parametersvell
guments the SA derives all pair correlation functions of adepth$. The number of independent LJ parameters is re-
polydisperse mixture from an appropriate pure fluid counterduced by assigning individual parametets,(e,) to each
part, at the cost 0'bn|y onelE Computation_ The perfor- SpeCieSa and Obtaining the cross interactions from combi-
mance of SA is tested on two typical potential models,hation rules

b plus an approximation to the “bridge” functionB ,(r),
ich are functionals olfi,5(r) and higher order correlation
functions®*® [u,4(r) is the interparticle potentialkg is

6
Uaﬂ

r

, ©)

namely pol_ydisperse hard spheres and polydisperse Lennard- Tap=(0ut+0p)l2 (Lorentz rulg, (6)
Jones particles. For HS systems, SA results for the “measur-
able” structure factor are compared to those obtained from €,5=+€,€; (Berthelot rule. 7

Vrij's analytical expression,which is exact within the PY
approximation. For polydisperse LJ fluids, SA is tested
against molecular dynamicgMD) data generated for this
purpose.

The OZ equation is solved using tmeodified hypernetted
chain (MHNC) closure described in Ref. 15, which is one of
the best IE approximations for both structures and thermo-
dynamics of LJ one-component fluids. All versions of the
MHNC theory assume that the bridge functi®@{r) has
Il. INTEGRAL EQUATION THEORY roughly the same functional form for all potentials and re-
place the unknow(r) of the system under study with that
of a reference system whose properties are known. We ap-
The Ornstein—Zernik€OZ) integral equations of the lig- proximate the LJ one-component bridge function with that of
uid state theory fop-component mixtures with spherically an appropriate HS fluid, i.e B y(r;0,p,T)=Bug(r;d,p),
symmetric interparticle potentials afe whered is an equivalent HS diameter, which dependspon

A. Basic equations
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and T. Our choice forBys is a slight modification of an While Sy (q) represents the structure factor measured in
empirical analytical approximation proposed by Malijevsky Small angle scattering experimeng(q) is related to the
and Labik”8 (ML), andd is selected by equating the sec- fluctuations in particle numbers.

ond density derivative of the free energy of the LJ fluid with ¢ polydisperse continuous limit

that of the HS reference, according to a prescription due to

Rosenfeld and Blum? Further details can be found in the All previous formulas, written in a discrete form, refer to
original papers a finite numbermp of components. On the other hand, theo-

retical treatments of polydispersity with continuous distribu-
tions refer to systems with an infinite number of components
B. Structure factors (p—). . . .
) For HS particles polydispersity of only one property—
The Ashcroft-Langreffipartial structure factorS,4(q)  the diameterr—is possible. For LJ particles both and e
are defined as might be polydisperse. In this paper, however, to simplify
Sap(A) = Sapt pVXaXghap(d), (8) g‘;(‘)—i}lif:;?gliheengg)’/zfnd size parameters will be correlated
where 5,5 is the Kronecker delta anEaﬁ(q) the three-
dimensional Fourier transform of,z(r). Appropriate linear
combinations of partial structure factors defglebal struc-

ture factors. A first example of these is the measurable struc- . : .
ture factof where (o) is the average diametee,, the corresponding

well depth, andz is an adjustable exponent, for which we

€= 6(0—)

L take the value=2. Other choices will be discussed later.
Sm(Q):zl ;1 W (Q)Wp(Q) VXX Sap(a) 9 The polydisperse continuous limit of the previous dis-
. crete expressions can therefore be obtained by simgle
with placement rules
F.(a) X,—dx="f(o)do (14)
W,(Q)= =, (10 ¢ ’
V(F*(a))
whereF,(q) is the scattering form factor of species and 2;, Xg -+ .—>J' dof(o)..., (15

angular brackets- - -), denote, here and in the following,
compositional averages over the distribution of particles, i.e.where f(o)do is the probability of finding a particle with
(Y)==P_.x,Y, for any propertyY (note that(w?(q))  diameter in the range—o+do, and the distribution func-
=1). tion f(o) (molar fraction density functionis normalized.
We assume that the scattering matter has a well-define8pecifically, we shall use the SchulZor gamma
boundary, i.e., there is scattering corewith a well-defined  distributiorf*
scattering volumenot necessarily coincident with the par-
ticle volume. The former, in fact, depends on the patrticle- (0)=
radiation interaction, whereas the latter is determined by the I'(a)
interparticle repulsions and may even not be well defined, as . .
for LJ particles(only molecules withhard body repulsions Wherel is the gamma functioff, and the two parametees

2 _ .
possess a well-defined voluméor spherical homogeneous andb can be expressed as- 1/s aqdb—a/<o>, N terms_ of
scattering cores, the form factors are the mean valu€ o) and the relative standard deviatien

= (0% —(o)?l{o). The dispersion parameter measures
3j1(qoscy2) the degree of polydispersity, and varies in the rangesO
Fa(q?UicatWVZCﬁnTtyz (1)) <1. Fors—0, the Schulz distribution reduces to a Dirac
4% delta function centered afo) (monodisperse limjt For

where 5°®< ¢, is the diameter of the scattering core of smalls valuesf (o) is very similar to a Gaussian distribution
species a, V% 7/6 (0592 its volume, andj,(x)  (without its drawback of unphysically negative diameters
= (sinx—xcosx)/x? is the first-order spherical Bessel func- For s closer to onef (o) becomes asymmetric, with a long
tion. The notationF ,(q; ") emphasizes the dependencetail at large diameter¥ The first three moments of the
of the form factor onr5®", which in general may differ from Schulz distribution are{c),(o?)=(1+s%{0o)? and (o)

a

o e (a>1), (16)

o,. In this paper, for the sake of simplicity;>*®"is taken = (1+5%)(1+2s%)(0)>
coincident witha,,, for all species and for both HS and LI~ Whenever analytical integration is impossible, numerical
potentials. integration brings back to discrete expressiomish largep,

A second global structure factor of interest is theof order 16— 10°%), and therefore the replacement rule of Eq.
Bhatia—Thornton number—number structure faélabtain- (15 becomes unnecessary. Thus no integral is needed in the

able by taking alw,=1 in Eq.(9) formulas and the discrete notation is always employed, im-
P p plicitly assumingx,=f(o,)Ao, which is the discrete ana-
Su(q) = Zl ,32‘1 msaﬁ(q)_ (12) ;il{jiir;f Eq.(14) (Ao is the grid size in the numerical inte-
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Ill. CORRESPONDING STATES AND SCALING while o000 @Nd €mono @re suitably chosen average potential
APPROXIMATION parameters. Generalizations with,o,, and €mono replaced
by pair-dependent parameters are possiblyt we will re-

¢ T]? w:troduce our scahngj_ apprtogxﬁmgzatlon for %}IOb‘?}: stt)ruc- strict ourselves to the simplest case. The value of gagtat
uré factors, a corresponding s approach will b€ . i ghtained from a single functional form, appropriate to a

used. The correspondence principle applies to systems Whi%hre HS fluid, by evaluating it at acaled pair-dependent

have conformal pair potentials, i.e., potentials of the same distancer’ .=\, 4f, and at acorrespondinghermodynamic
shape The principle takes its simplest form when the poten-g; e ap = Tapl

tial u, of each species, in a set of conformal substances, Since the Fourier transform ofhyond\agr) s

depends on two parameters only and can be written as _ _ - - - .
)‘agF]mon()()\a/:JLq) and Smono()\aﬁ:LQ) = Smonc()\aéq’r%onc)' with

) 17 qrnonoE q0 mono» (23

o the approximate partial structure factors become
whereo, ande, are a characteristic length and a character-

u,(r)=e,u*
N

istic energy, respectively, while* is a dimensionless func- Sup(@)=Sapt VXXM o5
tion of the dimensionless distanc&é=r/o. Such a form of - s .
u,(r) implies that all properties of a set of conformal fluids X[ Smond X o5 mono: Pmonos Tmond ~ 11 (24)

can be written in terms of dimensionless reduced variables,

e.g., temperaturd s =KkgT/e,, number density,=po.,  |v. HARD SPHERE POTENTIAL
and pressur@*=p,o>/e,.

When written in terms of reduced distance=r/c, and For clarity, the various approximations examined in this
wave vectorg* =qo,, the RDF and structure factor of any Paper are presented starting from a particular physic_:al sys-
pure fluid of speciesr can be derived by scaling as tem, namely the HS potential. Both DA and LMA will be

A slightly reformulated, to point out the underlying approxima-
9a(r;p T;04,€6,)=0(r% ;p% T, (18 tions in terms of pair correlation functiors,z(r).

Sa(q;p,T;oa,ea)=§(q§ p* %), (19) A. Decoupling approximation

Kotlarchyk and Chelf proposed thedecoupling ap-

whereg and S are functions common to the entire set of . imationin a rather general form, to treat both polydis-
conformal substances. Equatiofis) and (19) indicate that o rse fluids and systems of nonspherical particles. They per-
the scaling correspondence applies not only to thermodyformed two basic approximations:

. : « e ”» oy 8
namic variables, but also to “positions” inandq space’ (a) First, they replaced orientation-dependent interpar-
Both HS and LJ potentials satisfy t_he scaling condition givenycje notentials with spherically symmetric ones. Strictly
by Eq.(17) (in the HS case, since,= 1, RDFs and structure speaking, this is the actual “decoupling approximation,”

factors do not depend on). , . ) ) which allows one to break the ensemble average present in
Conformal mixturesre those in which all pair poten_tlals the exact expression of the scattering intensity into two fac-

are conformal to each other and to that of a pmenodis- 45 neglecting correlations between particle orientations

perse one-specigseference fluid, according to the scaling 5,y positions. The result is the Fournet—Vrij expression for

relation the scattering intensitywith form factors averaged over par-
Uas(1) = €apUtond N agl ond) (20) ticle orientations. For spherical particles, this first approxi-

mation is unnecessary and hence will not be exploited in the
where r =1/ mono, While €, and \,z are parameters present paper.
characteristic of the pai#, 8. For mixtures conformality of (b) Second, the partial structure fact@g,(q) were ap-

potentials does not imply conformality of RDFs in the sameproximated in terms of the structure factor of an appropriate
simple way as for pure fluids. Nevertheless, correspondingyre fluid, as

states arguments have sometimes been employed by postu-
lating approximate conformality relations between mixture — Sap(Q) = dapt P VXaXghap(Q)
and pure RDF$2%6 The same approach is also followed in _ o
the present paper. = Sap VXaX gl Smond @) — 11, (25

We callscaling approximation§SA) those assuming ap- where the definition of the effective pure fluid must be com-
proximate conformality of all RDFs of a mixture, according pleted suitably, depending on the particular physical system.

to the relation In terms of correlation functions, this approximation is
. . . . equivalent to assuming thdt) all the RDFg,4(r) have the
9ap(1:p.% T {0y st { €55t =Imond N gl monos Pmonos T mond s same dependence on being equal to the RDF of the pure
(2D fluid, i.e., 9u5(r)=OmondT), OF
wherex, {o,s}.{€,s represent the complete set of molar Np(1)=Pimond 1) (26)

fractions and potential parameters, B ) o
(ii) the number density of the pure fluid is equal to the total
T kgT 22) number density of the mixture, i.@mone=p- With Eq. (26)

mono )

€mono and Syon= 1+ Pmondmono: this implies Eq.(25).

E— 3
Pmonc— P9 mono
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For polydisperse HS, Kotlarchyk and CHédefined the 0, a#p
diameter of the effective HS fluid by choosing Sep(Q)= - . (32
13 Snond 57,  a=p,
Tmono= ()™, @7 \which implies that
ensuring that the volume fractidor packing fraction of the p
pure fluid nmonoz(w/6)pmoncpﬁmno is equal to the total vol- Sy(q)MA= E Xawi(Q)émon&qz 7). (32
ume fraction of the mixturey=(7/6)p(c>). The resulting a=1
DA structure factors are Sun()™M is obtained by putting altv,(q)=1. The pure
. . subsystem of specias consists of hard spheres with diam-
Sap(4)= Sap VXaXgl Smond Amonos 7) ~ 11, (28 oter Tmonoa=0, and at a number densitypmonoa
oA ora . =p(a®/o3, which differs, in general, from the densipy,
Sm(@)™" =1+ (W(A)) Smond Amonos 7) — 11, (29 =x_p of that species in the mixture. Such a choice for the
. Pmonow Values of thep subsystems ensures that the volume
San(@) ®A= Sond Aimonos 7)- (300  fraction of each of these pure fluids, 7monoa

. . =(m/6 3 equals the total volume fraction of the
On the left hand side of these equations the dependence ?Hi(x?urgpm"':”gf‘g; d Pedersen used the PYomanaIyticaI
. ono

the thermodynamic state and the potential parameters of th

. . PR Bxpressiort?
mlxtgre have be_e” omnte_d for S”T‘p"c'ty- Mqreover, here In terms of pair correlation functions, LMA may be writ-
and in the following, we simply writey,,,.—= 7 instead of

N ten as
Prono N Smonos SiNCe these quantities are proportional. .
Before concluding this subsection, some remarks are ap-  pvX,Xgh,5(r)= 8, PmonoaNmond I & ; 7). (33

ropriate. The first one is that the approximation expressed , . . .
Ey FI)Eq (26) was already proposed iFr)lpthe theory ofpliquid which shows that LMA neglects all interactions between par-

mixtures: it is known asandom mixtureor random mixing  1CI€S \{Vltf;.fc.hf:;etrﬁnt dlame'Fers{.I.eh,aB(trh)=0 if ad;é /]f P‘:]d' cal
approximatior?’'% and sometimes is also referred to as the®rsen Justilied this approximation on the ground of a physica

substitutional moded The weakness of this approach is evi- picture, N Some sense compl_ementary to DA, which assumes
dent from its RDF form, Eq(26), because it ignores the that particle sizes and positions are completely correlated.

ordering which takes place in the presence of different par:l;]h'tS means ﬂ:.atl pfartlcle S'Zz vgrll)es slc;yvlly W|:chthp03|t|on, S0
ticle sizes. Therefore, the DA is expected to be a very pooP atevery particie IS surrounded by particies ot the same size

approximation for moderate or even low size pondispersity.and the system Io_okk)cally monod|spe_rse0n the other.

A second remark is that, for a given interparticle potentialhand' LMA may simply be regarded, In a porrespondlng
Umono: 1t IS possible to choose among several routes to eval States framework, as a conformality assumption n_otgng;
ateS,, o from the pure fluid OZ integral equation, by chang- | ut for S, 4, done to reduce the double sum to a single sum
ing the closure. In the luckiest cases an analytical solution” both structure factors.

may be available, but a numerical solution is always feasible.

For polydisperse HS, Kotlarchyk and CHémsed the PY

analytical solution for the monodisperse fluid, but other moreC. Scaling approximation

accurate closures[as, for instance, the Ballone—

Pastore—Galli-Gazzilld (BPGG or the Rogers—Yourig tion functions, it becomes evident thexcluded volumef-

(RY) approximation$ could also be employed. A final re- ; .
mark is that DA may be regarded as a scaling approximatio rfects are not taken into account correctly by these approxi

) . . . mations, since the exact hard core conditiang;(r) =0 for
ik?tig;?g from Eq/(24) with the choiceh,;=1 and omono r<o,z, are not satisfied. To avoid this defect and obtain

reasonably accurate RDFs of HS mixtures from pure fluid
ones with a limited effort, we proposesaaling approxima-
tion, derived from Eq(21) with the choice

After analyzing DA and LMA in terms of pair correla-

B. Local monodisperse approximation
. . ) L Nap= Tmond Top  aNd Umon0:<0'3>l/3' (34
This approximation was originally formulated by ) .
; aSincel 5k =r%,, with the definitionr* ,.=r/o 4, our
Pedersel? for polydisperse hard spheres, but can be easﬂ;s aB mono~ ' af’ ap ap:
extended to polydisperse fluids with different potentials. Ac->A for HS can be written as
cording to the original presentation, in LMA@component L - x .

. X . . ) r;p,X; = ras: 7). 3
mixture is approximated by a set @f noninteracting pure 9ecp(139:X:{ 055 = Omond 3 7) 39
subsystemga subscript “monoe” will be used to charac- Note thato IS the same as in DA, while the choice for
terize that of speciea), and the scattering intensity is cal- \ ,; ensures that, when<o,z, one getsrzﬁ< O mono @nd,
culated as a superposition of the scattering intensities frosonsequentlyg,z(r)=0. Since excluded volume effects are
the subsystems, weighted according to the size distributiomery important for the structure of condensed fluids, it is

of the mixture. therefore reasonable to expect that SA is better than both DA
For HS, LMA may be expressed, in terms of partial and LMA, although it incorrectly assumes that all RDF val-
structure factors, as ues at contact are equat,s(0qp)=9mond Tmond- ONCE
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again the choice foor,ono €NSures that the RDF of the pure
fluid is evaluated at the same packing fraction of the mixture.
From Egs.(9), (24) and (34) one then finds

p p
Su(@=1+ 2, 2 XXgW,(A)Wp(a)

3
T8~
xﬁ[smom(qzﬁ )—1] (36
with the definitiong’,=qo,z. Sun(a)®* is again obtained
from the expression foBy,(q)S* by putting allw,(q) = 1.

It should be noted that our SA closely resembles, albeit
it is not identical to, the so-calledan der Waals one-fluid
(vdW1) approximatior® ! In vdwW1 thermodynamics calcu-
lations the mixture is replaced by a single pure fluid, with
averaged potential parametexs, €, given by van der Waals

Su

]
T
I
>

O
[oR

3.5

1.5

Polydisperse colloidal fluids 7641

rules

oi=> EB: XXpgOog,
(37

_ -3 3
Ex= 0y 2 % Xaxﬁeaﬁo-aﬁ‘
o

Of course, there is ne@, and no dependence oh in the

approximation, obtainable from Eq.(21) with \,4
= Omono/ 0o @NA 0 ong= 0y . This choice foro,n, implies

0.0 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
RDFs of HS fluids. Although often presented in the literature 0 S 10 15 20

with a different notation, vdW1 may be regarded as a scaling

FIG. 1. Structure factofSy(q) of hard spheres, for different degrees of
polydispersitys, at fixed packing fractiomy=0.3 (here, and in all following

that the vdW1 RDF of the pure fluid is evaluated at a paCkTigures, curves at differens are shifted upwards to avoid overlapping

ing fraction, nXE(WIG)paf, which differs from that of the

Solid lines: Vrij's exact PY results. Dashed lines: local mononodisperse

mixture, 775(77/6)p<0'3>. As a consequence, for HS we can approximation, LMA. Dotted lines: decoupling approximation, DA.

write

p p
Su(@)VMWI=1+ 2 D X XgW,(q)W4(q)
a=1 B=1

Uiﬁ S *
X Bnond 35720~ 11 39

D. Exact PY solution

The closed analytical expression 8y (q) of polydis-
perse HS in the PY approximatioS,,(q)"" can be found in
Vrij's original paper or in Ref. 6 (with all charges set to
zero. The corresponding expression ®gy(q)"Y is simply
obtained by puttingF,(gq)=1 for all form factors in the
Sy (q)PY formula.

E. Numerical results

We tested the results fogy(q) obtained from DA,
LMA, SA and vdW1 against Vrij'sSy(q)"Y, which is exact

where we have chosdi) as the unit of length, and defined
the dimensionless densify* =p(c)3. Since working with
dimensionless variables is very convenient, we also define
r*=r/{o), o*=0c/{o) andg*=q(o).

The effect of polydispersity on structure factors may be
studied by varyings with either » or p* constant. Qualita-
tively, the results at a fixed total density and those at a fixed
packing fraction are similar. In Figs. 1 and 2 we present
some results foiSy(q) at fixed packing fractionp=0.3,
with varying polydispersitys=0.1, 0.3 and 0.%most of the
experimentals values lie in the range 0—0.3). The three
distributions of diameters were discretized with a grid size
Ao*=0.02, and truncated at},=1.68, 3.48 and 5.90
(wheref(o)Ao~108). These values of%,; correspond to
polydisperse mixtures with a number of componepts
=85, 175 and 296, practically intractable with the available
algorithms for solving IEs numerically.

At a fixed 7, calculatingSy,(q) or Syn(q) in the DA,

within the PY approximation. Such a comparison require§ MA and SA approximations requires the knowledge of

the evaluation 0S,ond A% 0ne: 7mond " fOr Which a simple
analytical expression is availablé.

Snond@. 7Y at g=q(c®)*? qo, and go,s. In other
words, for eachq value, a single evaluation cﬁmno is

. Using the Schulz distribution to represent the size polypeeded for DA, a numbep of evaluations is required for
dispersity, the packing fraction of the HS mixture may beLMA, and p(p+1)/2 evaluations for SA and wdwW1. For

written as
n=(7l6)p(c3)=(ml6)p* (1+s?)(1+2s?), (39

wdW1, émono is computed atyyon= 7%, rather thany,ono
= 7. To save computer time in LMA, SA and vdW1 calcu-
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FIG. 2. Structure factoSy,(q) of hard spheres, for different degrees of

polydispersitys, at fixed packing fractiony=0.3. Solid lines: Vrij's exact ~ FIG. 3. Comparison of exact PY results for HS structure facByéd) and

PY results. Dashed lines: scaling approximation, SA. Dotted lines: van dePun(d), for different degrees of polydispersity at fixed packing fraction

Waals one-fluid approximation, vdw1. 7=0.3. Solid lines: exact PY results f@&(g). Dashed lines: exact PY
results forSy(q). Dotted lines: monodisperse structure factor.

lations, we avoid the repeated evaluations for eqdly tak-
ing advantage of the fact thé;nonodoes not depend amand The corresponding SA and vdW1 results are plotted in
o separately, but only on their produgt qo.s=0q* ‘TZB' Fig. 2. Now the agreement with the exact PY data is surpris-
Thus we can choose a suitable gnd S&e* and a number |ng|y gOOd in both cases: the pOSitiOﬂ of the first peak is well
of points V, and calculaté, .G, 7)"" at the grid points reproduced, apd its height is o.nIy slightly underestimated.
Gi=iAg* (i=0, ... A'—1) only once storing all values in Howeve'r, SA is globally superior: fos=0.3 _and 0.5 its

: ' ) o worst discrepancies are found near the origin,gats2,
an array. Of course, the grid poirgg do not exhaust all the | ereas the vdW1 curves are somewhat shifted with respect
requiredqo .z values. Nevertheless, if the grld size is Sma”to the exact ones on the left side of the first peak. It should be
enough the value of the continuous functi@en at q  recalled that, unlike vdW1, SA is evaluated at the true pack-
=q*o* «p Can be approximated with that at the nearest gridng fraction of the mixture.
point, whose index in the array is simply determined from  Finally, it is worth looking at the number—number struc-
the ratio g* o, ,/Ag*. In the worst cases=0.5, to get ture factorSyy(q). In Fig. 3 a comparison is made among
Sw(Q) in a range B<q*<qp,~20 (a reasonable ChOl?Ee Sw(@®Y, Su(@)®Y, and S,ondad)FY. The results for
Smond @) Must be evaluated in a range<@<max@* o Sun(9)FY were obtained from our closed analytical expres-
~120. To satisfy such a condition and get a good grld size irsion, which is exact within the PY approximatig@riffith,
q* spaceAq* =g /N, we choose,,,=mAc* =507 and  Triolo, and Comper& presented similar data, calculated
N=4096. without using a closed formutd. Fors=0, all these struc-

Figure 1 shows DA and LMA results fd8,(q) versus ture factors coincide, but with increasirggthe differences

the exact PY ones. Similar plots are reported by Pedéfsen.become larger and larger. In particul&(q)"" exhibits a
With increasing polydispersitygy(q) increases in the low  more rapid flattening of the first peak th&y(q)"", while
region, its first peak is reduced and shifted to smailesal- its increase in the love region is much more dramatisee
ues, and the subsequent oscillations are progressivethe extreme cass=0.9, also included SinceSy\(0) mea-
washed out. The failure of DA, even at low polydispersity, issures the fluctuations in the total particle dengityespec-
evident not only at smalj, but also in the first peak region. tive of the specigs this behavior ofSy\(q) provides more
LMA is significantly better at small scattering vectors, but physical information than that provided 8¢,(q). Figure 4
does not reproduce the shape of the first peak correctly. then shows theSyy(g) predicted by SA, compared to
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3.5 T T T s=0, one hasp=p*, and the corresponding thermodynamic
state,p* =0.8, T* =1, is near the triple point in the LJ phase
0.5 diagram®® With increasings at fixed ¢, p* decreases. Tak-
ing into account the superiority of SA with respect to DA,
LMA and vdW1 approximation in the polydisperse HS case,
our IE calculations for the LJ potential were restricted only
to SA (some information about the performance of vdW1 for
LJ potentials can be found in works by Hoheisel, Deiters,
and Lucas** but only for binary mixtures

Kofke and Gland®?® presented similar Monte Carlo re-
sults for a polydisperse LJ model of paraffins. Unfortu-
nately, since these authors started from an activity distribu-
tion, rather than a composition distribution, their simulations
are not directly comparable with our IE calculations.

SNN

A. Molecular dynamics simulations

poly—HS :

The MD simulations employed 1000 particles, in a cube
with periodic boundary conditions, and, using Andersen’s
stochastic collision methotf,described a fluid constrained at
constant$p=0.8 and maintained in contact with a heat bath.
The equations of motion were integrated using the velocity
Verlet algorithm®”® The atomic diameters- were drawn
from a Schulz distribution at the desiredwith well depths
given by Eq.(40). To reduce the sampling noise, the distri-
bution was periodically regenerated during the simulation.

q* = q{o) To avoid truncation effects in the Fourier transfori8g/q)
was evaluated in the simulation directly using the definition
FIG. 4. Structure factol of hard spheres, for different degrees of .
polydispersitys, at fixedSNpN_agglzing fra(_:tior?r_;=0.3. Solid lines: exgct PY Sy () = (|IZiFi(mexpig-r)|?) (41)
results. Dashed lines: scaling approximation, SA. M pyp Fiz(q) ’

1\ L L | L A L L L L LA

whereq is the wave vectorg=|q|, r; is the position of the
Sun(a@)FY. The performance of SA is good in the first peakith particle andF;(q) its form factor, Eq.(11). A similar
region and beyond, but the approximation fails in the lpw- expression was used to obtaBy(q), and we also calcu-
region and is unable to reproduce the number density fludated itsr-space counterpart, the number—number correlation
tuations correctly. This discrepancy is, however, less imporfunctiort gy(r).
tant in Sy (q), which is the structure factor more directly
comparable with small angle scattering data. In fact, multi-B. Scaling approximation and numerical results
plying S.4(q) by the product of form factorsy,(q)w,(q) The scaling approximation for the LJ potential is derived
reduces the mentioned defe@s already seen in Fig.);2  fom Eq. (21) with the choiceN , 5= 0'mone/ T wp @Nd T mono

moreover, a significant part of the region neg:0 is ex- :<03>1/3 [analogous to Eq34) for the HS potentidl and
perimentally inaccessible.

_ Tmono| * (42)
V. LENNARD-JONES POTENTIAL €mona™ &) "y |
From e,=€.,(0,/{(0))* and the Berthelot rule, Egs. which is consistent with Eqg13) and (40). The SA for LJ
(13) and(7), it follows that therefore reads
& = €ap _ i( \/O'aa'ﬁ)z (40) gaﬁ(r;P:XyT;{Uyﬁ}’{ey(S})zémono(r:zﬁ;WLJ’T:mno)' (43
P kT Tx (o) Note thatT?* ., decreases with increasirsg with Egs.(22),
with T* =kgT/€(y) (42 and the Schulz distributionT? .= T*/[(1+5s%)(1

As for HS mixtures, in addition to a densitp* +25%)]%. .
=p(c)3, it is convenient to define a second dimensionless ~ TO evaluateSyonddag: 713, Tmond, WE Solved numeri-
variable ¢=p({a3), or 5= ¢=/6, which plays the same cally, for eachT},,, value, the MHNC-ML integral equation
role as the HS packing fraction (although, rigorously, a LJ  With N=4096 andAr* =0.02 (which corresponds tajy
particle has no definite boundary and volym&or the =7/Ar*=50m, just as in the HS cageFrom the resulting
Schulz size distributiong= p* (1+s?) (14 2s?). Snono,  the polydisperse structure factorSy(q)S* and

We performed IE and MD calculations for LJ mixtures Syy(q)>* were finally evaluated from the obvious analogue
at fixed T* =1, ¢=0.8(,;,=0.42) withz=2 and polydis- of Eq. (36), in the same manner presented in detail for the
persity parametes= 0 (monodisperse cagé).1 and 0.3. For HS potential.
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q° = (o) q° = (o)
FIG. 5. Structure facto®y (q) of Lennard-Jones fluids, for different degrees FIG. 6. Structure factoByy(q) of Lennard-Jones fluids, for different de-

of polydispersitys, at fixed¢=0.8 andT* = 1. Points: molecular dynamics grees of polydispersity, at fixed ¢=0.8 andT* =1. Points: molecular
data. Lines: scaling approximation, SA. dynamics data. Lines: scaling approximation, SA.

0.0

Only very small changes of peak heights were found in all

In Figs. 5 and 6 theSy,(q)S" and Syy(q) 5" results are . e »
tested against the corresponding MD data. The overall agreg-ases' This relative insensitiveness to the well depths may

ment is good. Fors=0.1 the positions of maxima and perhgps be _explained by the well known fact_ that at high
minima and the shape of both structure factors are correctl acking fractions the structure depends essentially on the re-

predicted: only the height of the first peak is slightly under- ulsive part of potentials, while the attractive forces sensibly

: . . . affect only thermodynamics.
estimated. Fois=0.3 the first peak is well reproduced in . . .
S ()54, but not equally well irSy,(q)SA. On the contrary, An improved SA could be obtained by replaciii,,

. e . . )
Sun(9)S” is completely off in the region near the origin, n Eq. (f13) with Taﬁ._ kBT/e“ﬁ.' Th|s fohmce WOUld. be akin
. . SA L to the “mean density approximation,” used for binary LJ
where the discrepancy i8y,(q)>" is less dramatic. Finally, . 34.35.41 . )
. : ) . mixtures’*=>**However, we have not attempted its applica-
Fig. 7 shows the behavior ajy\(r): also inr space SA . . . . : .

. . tion to polydisperse fluids, since it would require the evalu-
works quite well. In the IE calculations we employed the " ~ ) )
expressioft f'itlpn ofgmoqoat many different reduced temperature_s, which

is inconvenient when IEs have to be solved numerically. In

_ i i the particular case of the LJ potential one could take advan-
gNN(r)_a:1 P2 XaXpGap(Tr)- (44 tage of an explicit analytical parametrization for the RDF
proposed by Goldmaff. This extension goes beyond the

The MD data for the monodisperse case;0, have been gcqope of the present paper and might be the subject of future
found to be in perfect agreement with the Monte Carlo reqk.

sults forg(r) published by Llano-Restrepo and Chapritan
(not reported in Fig. ¥

The slightly worse performance of SA in the LJ case
with s=0.3, with respect to the HS one with the same poly-  In this paper we have shown that the structure of simple
dispersity, depends only on the higher packing fractionpolydisperse fluids can be successfully predicted by integral
(7.5=0.42, whereag;=0.3 for hard sphergs equation methods, even when no analytical solution is avail-

Finally, it is worth mentioning that we also performed able and a numerical one is impracticable because of the very
MD simulations with differentz values ¢=1 and 3, and large number of components. We have obtained rather accu-
tested variants of the SA with alternative choices égf,,,  rate structure factors by solving IEs for appropriate pure flu-
(for instance, €mong= €(s), OF €monc™ 6<U>(0'mon0/<0'>)3). ids and applying a recipe based upon a corresponding states

VI. CONCLUSIONS
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