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A scaling approximation for structure factors in the integral equation
theory of polydisperse nonionic colloidal fluids
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The integral equation theory of pure liquids, combined with a new ‘‘scaling approximation’’ based
on a corresponding states treatment of pair correlation functions, is used to evaluate approximate
structure factors for colloidal fluids constituted of uncharged particles with polydispersity in size
and energy parameters. Both hard sphere and Lennard-Jones interactions are considered. For
polydisperse hard spheres, the scaling approximation is compared to theories utilized by small angle
scattering experimentalists~decoupling approximation and local monodisperse approximation! and
to the van der Waals one-fluid theory. The results are tested against predictions from analytical
expressions, exact within the Percus–Yevick approximation. For polydisperse Lennard-Jones
particles, the scaling approximation, combined with a ‘‘modified hypernetted chain’’ integral
equation, is tested against molecular dynamics data generated for the present work. Despite its
simplicity, the scaling approximation exhibits a satisfactory performance for both potentials, and
represents a considerable improvement over the above mentioned theories. Shortcomings of the
proposed theory, its applicability to the analysis of experimental scattering data, and its possible
extensions to different potentials are finally discussed. ©1999 American Institute of Physics.
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I. INTRODUCTION

Colloidal solutions consist of mesoscopic particles, w
diameters between 1028 and 1024 m, suspended in a micro
scopic fluid. Colloidal particles of a same chemical spec
are not necessarily identical, but may differ in size, charge
other properties.1,2 This phenomenon is called ‘‘polydispe
sity,’’ and systems in which it does not occur are said to
‘‘monodisperse.’’ A microscopic description of a fluid with
significant polydispersity is a difficult task, requiring a larg
number of independent variables. A great simplification
however, possible by using the so-calledcontinuous-mixture,
or polydisperse-mixture, formalism. Such a model, adopte
also in this paper, views the fluid as containing an infin
number of components (p→`), with a continuous distribu-
tion of size and/or other properties. All molar fractions of t
components are then replaced by a single distribution fu
tion, which describes the composition of the system.

Since polydispersity can significantly affect the micr
scopic ordering of colloidal suspensions, it must be tak
into account in the analysis of experimental data on s
fluids. In particular, we are interested in static structure f
tors obtainable from small angle scattering of light, neutro
or x rays.

a!Electronic mail: gazzillo@unive.it
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In this paper we present integral equation~IE! calcula-
tions for the structure of polydisperse one-species fluids c
stituted of uncharged particles with hard sphere~HS! or
Lennard-Jones~LJ! interactions, with polydispersity in size
and, for LJ systems, also in energy parameters. IEs of st
tical mechanics represent a powerful, although approxim
tool to determine both structures and thermodynamics of
ids in a simple way. However, while using IEs for pure flui
or binary mixtures is a rather common and successful p
tice, their application to multicomponent systems with lar
p or p→` is problematic and, consequently, less frequen
the literature.3,4 Only in special cases, when analytical sol
tions are available, IE calculations for polydisperse fluids c
be performed in a rigorous and relatively easy way. For
stance, a closed analytical formula for the scattering inten
of polydisperse hard spheres was obtained by Vrij5 from the
solution of the Percus–Yevick~PY! IE. Similar expressions
were derived for polydisperse charged hard spheres, by u
the corresponding analytical solution in the mean spher
approximation.6

Unfortunately, for most ‘‘closures’’ and for most poten
tials, including the LJ one, the IEs must be solved nume
cally, requiring more and more computer memory and ti
with increasingp, so that the problem soon becomes prac
6 © 1999 American Institute of Physics
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7637J. Chem. Phys., Vol. 111, No. 16, 22 October 1999 Polydisperse colloidal fluids
cally intractable~D’Aguanno and Klein7 reachedp510 for
Yukawa plus HS interactions!.

To overcome the impossibility of investigating polydi
perse systems when IEs have to be solved numerically
ternative routes have been proposed. The common idea
replace the polydisperse fluid with an appropriate sys
with very few components. A first method, not analyzed
this paper, builds up an equivalenteffective mixturewith
p8!p new components, whose molar fractions a
diameters—in the case of size polydispersity—are de
mined by replacing the continuous size distribution with
p8-component histogram and requiring the equality of
first 2p8 moments of the two distributions (p852 or 3 is
usually sufficient!.2,8 Other methods assume that the prop
ties of polydisperse fluids can be obtained, to a good
proximation, from those ofpure fluids, if suitably averaged
parameters and appropriate recipes are used. This same
idea has often been employed, in several variants~van der
Waals equation of state, perturbation theories, etc.!, to pre-
dict thermodynamics of liquid mixtures with a small numb
of components.9–11 Some significant applications of thes
concepts have also been made to structural studies of p
disperse systems, mainly by experimentalists in the anal
of scattering data. Kotlarchyk and Chen12 introduced thede-
coupling approximation~DA!, which is perhaps the mos
famous of these approaches and involves an exact evalu
of the form factors for all components of the polydisper
system, but approximates every partial structure factor w
that of a one-component fluid. A second approximation, s
gested by Pedersen13 and known aslocal monodisperse ap
proximation~LMA !, replaces the polydisperse fluid not wi
a single pure system, but with a superposition of nonin
acting pure fluids, whose number equals that of the specie
the mixture.

The aim of the present paper is twofold. First, both D
and LMA are discussed in terms of pair correlation fun
tions, to get some insight into their shortcomings. Seco
we propose a simplescaling approximation~SA!, which,
with respect to DA and LMA, takes excluded volume effec
more correctly into account and therefore yields significan
improved structure factors. By using corresponding states
guments the SA derives all pair correlation functions o
polydisperse mixture from an appropriate pure fluid coun
part, at the cost ofonly one IE computation. The perfor-
mance of SA is tested on two typical potential mode
namely polydisperse hard spheres and polydisperse Lenn
Jones particles. For HS systems, SA results for the ‘‘mea
able’’ structure factor are compared to those obtained fr
Vrij’s analytical expression,5 which is exact within the PY
approximation. For polydisperse LJ fluids, SA is test
against molecular dynamics~MD! data generated for thi
purpose.

II. INTEGRAL EQUATION THEORY

A. Basic equations

The Ornstein–Zernike~OZ! integral equations of the liq
uid state theory forp-component mixtures with sphericall
symmetric interparticle potentials are14
Downloaded 18 May 2008 to 82.50.149.65. Redistribution subject to AIP
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hab~r !5cab~r !1r (
g51

p

xgE dr 8cag~r 8!hgb~ ur2r 8u!,

~1!

where hab(r )[gab(r )21 is the total correlation function
between two particles of speciesa and b at a distancer ,
gab(r ) is the radial distribution function~RDF!, cab(r ) is
the direct correlation function,r[N/V the total number den-
sity (N5total particle number,V5volume! andxg the molar
fraction of speciesg. These equations can be solved on
when coupled with aclosurerelationship, given by the exac
formula

cab~r !5exp@2uab~r !/kBT1gab~r !1Bab~r !#

212gab~r ! ~2!

plus an approximation to the ‘‘bridge’’ functionsBab(r ),
which are functionals ofhab(r ) and higher order correlation
functions14,15 @uab(r ) is the interparticle potential,kB is
Boltzmann’s constant andT the absolute temperature
gab(r )[hab(r )2cab(r )]. The OZ equations admit an ana
lytical solution only in a relatively small class of cases, f
some potentials and some peculiar closures.

In the first case considered in this paper, i.e., for H
particles with additive diameters16 sa , corresponding to the
potential

uab~r !5H 1`, r ,sab[~sa1sb!/2

0, r>sab
~3!

an analytical solution is possible if one adds to the exact h
core condition,hab(r )521 for r ,sab , the PY approxima-
tion

Bab~r !5 ln@11gab~r !#2gab~r ! for r .sab , ~4!

which is equivalent tocab(r )50 for r .sab .
Only a numerical solution is feasible in the second ca

of this paper, i.e., the LJ potential

uab~r !54eabF S sab

r D 12

2S sab

r D 6G , ~5!

wheresab are LJ diameters andeab energy parameters~well
depths!. The number of independent LJ parameters is
duced by assigning individual parameters (sa ,ea) to each
speciesa and obtaining the cross interactions from com
nation rules

sab[~sa1sb!/2 ~Lorentz rule!, ~6!

eab[Aeaeb ~Berthelot rule!. ~7!

The OZ equation is solved using themodified hypernetted
chain ~MHNC! closure described in Ref. 15, which is one
the best IE approximations for both structures and therm
dynamics of LJ one-component fluids. All versions of t
MHNC theory assume that the bridge functionB(r ) has
roughly the same functional form for all potentials and r
place the unknownB(r ) of the system under study with tha
of a reference system whose properties are known. We
proximate the LJ one-component bridge function with that
an appropriate HS fluid, i.e.,BLJ(r ;s,r,T).BHS(r ;d,r),
whered is an equivalent HS diameter, which depends onr
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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7638 J. Chem. Phys., Vol. 111, No. 16, 22 October 1999 Gazzillo et al.
and T. Our choice forBHS is a slight modification of an
empirical analytical approximation proposed by Malijevs
and Labik17,18 ~ML !, andd is selected by equating the se
ond density derivative of the free energy of the LJ fluid w
that of the HS reference, according to a prescription due
Rosenfeld and Blum.19 Further details can be found in th
original paper.15

B. Structure factors

The Ashcroft–Langreth20partial structure factorsSab(q)
are defined as

Sab~q!5dab1rAxaxbh̃ab~q!, ~8!

where dab is the Kronecker delta andh̃ab(q) the three-
dimensional Fourier transform ofhab(r ). Appropriate linear
combinations of partial structure factors defineglobal struc-
ture factors. A first example of these is the measurable st
ture factor2

SM~q!5 (
a51

p

(
b51

p

wa~q!wb~q!AxaxbSab~q! ~9!

with

wn~q![
Fn~q!

A^F2~q!&
, ~10!

whereFn(q) is the scattering form factor of speciesn, and
angular brackets,̂•••&, denote, here and in the following
compositional averages over the distribution of particles,
^Y&[(a51

p xaYa for any propertyY ~note that ^w2(q)&
51).

We assume that the scattering matter has a well-defi
boundary, i.e., there is ascattering corewith a well-defined
scattering volume, not necessarily coincident with the pa
ticle volume. The former, in fact, depends on the partic
radiation interaction, whereas the latter is determined by
interparticle repulsions and may even not be well defined
for LJ particles~only molecules withhard body repulsions
possess a well-defined volume!. For spherical homogeneou
scattering cores, the form factors are

Fa~q;sa
scatt!}Va

scatt
3 j 1~qsa

scatt/2!

qsa
scatt/2

, ~11!

where sa
scatt<sa is the diameter of the scattering core

species a, Va
scatt5p/6 (sa

scatt)3 its volume, and j 1(x)
5(sinx2xcosx)/x2 is the first-order spherical Bessel fun
tion. The notationFa(q;sa

scatt) emphasizes the dependen
of the form factor onsa

scatt, which in general may differ from
sa . In this paper, for the sake of simplicity,sa

scatt is taken
coincident withsa , for all species and for both HS and L
potentials.

A second global structure factor of interest is t
Bhatia–Thornton number–number structure factor,21 obtain-
able by taking allwn51 in Eq. ~9!

SNN~q!5 (
a51

p

(
b51

p

AxaxbSab~q!. ~12!
Downloaded 18 May 2008 to 82.50.149.65. Redistribution subject to AIP
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While SM(q) represents the structure factor measured
small angle scattering experiments,SNN(q) is related to the
fluctuations in particle numbers.

C. Polydisperse continuous limit

All previous formulas, written in a discrete form, refer
a finite numberp of components. On the other hand, the
retical treatments of polydispersity with continuous distrib
tions refer to systems with an infinite number of compone
(p→`).

For HS particles polydispersity of only one property—
the diameters—is possible. For LJ particles boths and e
might be polydisperse. In this paper, however, to simpl
the LJ model, energy and size parameters will be correla
according to the law22,23

ea5e^s&S sa

^s& D
z

, ~13!

where ^s& is the average diameter,e^s& the corresponding
well depth, andz is an adjustable exponent, for which w
take the valuez52. Other choices will be discussed later.

The polydisperse continuous limit of the previous d
crete expressions can therefore be obtained by simplere-
placement rules

xa→dx5 f ~s!ds, ~14!

(
a

xa . . .→E ds f ~s! . . . , ~15!

where f (s)ds is the probability of finding a particle with
diameter in the ranges –s1ds, and the distribution func-
tion f (s) ~molar fraction density function! is normalized.
Specifically, we shall use the Schulz~or gamma!
distribution24

f ~s!5
ba

G~a!
sa21e2bs ~a.1!, ~16!

whereG is the gamma function,25 and the two parametersa
andb can be expressed asa51/s2 andb5a/^s&, in terms of
the mean valuê s& and the relative standard deviations
[A^s2&2^s&2/^s&. The dispersion parameters measures
the degree of polydispersity, and varies in the range 0,s
,1. For s→0, the Schulz distribution reduces to a Dira
delta function centered at̂s& ~monodisperse limit!. For
smalls valuesf (s) is very similar to a Gaussian distributio
~without its drawback of unphysically negative diameter!.
For s closer to one,f (s) becomes asymmetric, with a lon
tail at large diameters.24 The first three moments of th
Schulz distribution are:̂ s&,^s2&5(11s2)^s&2 and ^s3&
5(11s2)(112s2)^s&3.

Whenever analytical integration is impossible, numeri
integration brings back to discrete expressions~with largep,
of order 1022103), and therefore the replacement rule of E
~15! becomes unnecessary. Thus no integral is needed in
formulas and the discrete notation is always employed,
plicitly assumingxa5 f (sa)Ds, which is the discrete ana
logue of Eq.~14! (Ds is the grid size in the numerical inte
gration!.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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III. CORRESPONDING STATES AND SCALING
APPROXIMATION

To introduce our scaling approximation for global stru
ture factors, a corresponding states26,27 approach will be
used. The correspondence principle applies to systems w
have conformal pair potentials, i.e., potentials of the sam
shape. The principle takes its simplest form when the pote
tial ua of each speciesa, in a set of conformal substance
depends on two parameters only and can be written as

ua~r !5eau* S r

sa
D , ~17!

wheresa andea are a characteristic length and a charact
istic energy, respectively, whileu* is a dimensionless func
tion of the dimensionless distancer * [r /s. Such a form of
ua(r ) implies that all properties of a set of conformal fluid
can be written in terms of dimensionless reduced variab
e.g., temperatureTa* [kBT/ea , number densityra* [rsa

3 ,
and pressurepa* [pasa

3/ea .
When written in terms of reduced distancer a* [r /sa and

wave vectorqa* [qsa , the RDF and structure factor of an
pure fluid of speciesa can be derived by scaling as

ga~r ;r,T;sa ,ea!5ĝ~r a* ;ra* ,Ta* !, ~18!

Sa~q;r,T;sa ,ea!5Ŝ~qa* ;ra* ,Ta* !, ~19!

where ĝ and Ŝ are functions common to the entire set
conformal substances. Equations~18! and ~19! indicate that
the scaling correspondence applies not only to thermo
namic variables, but also to ‘‘positions’’ inr andq space.28

Both HS and LJ potentials satisfy the scaling condition giv
by Eq.~17! ~in the HS case, sinceea51, RDFs and structure
factors do not depend onT).

Conformal mixturesare those in which all pair potential
are conformal to each other and to that of a pure~monodis-
perse one-species! reference fluid, according to the scalin
relation

uab~r !5eabumono* ~labr mono* !, ~20!

where r mono* [r /smono, while eab and lab are parameters
characteristic of the paira, b. For mixtures conformality of
potentials does not imply conformality of RDFs in the sam
simple way as for pure fluids. Nevertheless, correspond
states arguments have sometimes been employed by p
lating approximate conformality relations between mixtu
and pure RDFs.11,26 The same approach is also followed
the present paper.

We callscaling approximations~SA! those assuming ap
proximate conformality of all RDFs of a mixture, accordin
to the relation

gab~r ;r,x,T;$sgd%,$egd%!.ĝmono~labr mono* ;rmono* ,Tmono* !,
~21!

where x, $sgd%,$egd% represent the complete set of mol
fractions and potential parameters,

rmono* [rsmono
3 , Tmono* [

kBT

emono
, ~22!
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while smono andemono are suitably chosen average potent
parameters. Generalizations withsmono and emono replaced
by pair-dependent parameters are possible,11 but we will re-
strict ourselves to the simplest case. The value of eachgab at
r is obtained from a single functional form, appropriate to
pure HS fluid, by evaluating it at ascaledpair-dependent
distance,r ab8 5labr , and at acorrespondingthermodynamic
state.

Since the Fourier transform ofhmono(labr ) is
lab

23h̃mono(lab
21q) andSmono(lab

21q)5Ŝmono(lab
21qmono* ), with

qmono* [qsmono, ~23!

the approximate partial structure factors become

Sab~q!.dab1Axaxblab
23

3@Ŝmono~lab
21qmono* ;rmono* ,Tmono* !21#. ~24!

IV. HARD SPHERE POTENTIAL

For clarity, the various approximations examined in th
paper are presented starting from a particular physical
tem, namely the HS potential. Both DA and LMA will b
slightly reformulated, to point out the underlying approxim
tions in terms of pair correlation functionsgab(r ).

A. Decoupling approximation

Kotlarchyk and Chen12 proposed thedecoupling ap-
proximation in a rather general form, to treat both polydi
perse fluids and systems of nonspherical particles. They
formed two basic approximations:

~a! First, they replaced orientation-dependent interp
ticle potentials with spherically symmetric ones. Strict
speaking, this is the actual ‘‘decoupling approximation
which allows one to break the ensemble average presen
the exact expression of the scattering intensity into two f
tors, neglecting correlations between particle orientatio
and positions. The result is the Fournet–Vrij expression
the scattering intensity,5 with form factors averaged over pa
ticle orientations. For spherical particles, this first appro
mation is unnecessary and hence will not be exploited in
present paper.

~b! Second, the partial structure factorsSab(q) were ap-
proximated in terms of the structure factor of an appropri
pure fluid, as

Sab~q!5dab1rAxaxbh̃ab~q!

.dab1Axaxb@Smono~q!21#, ~25!

where the definition of the effective pure fluid must be co
pleted suitably, depending on the particular physical syst
In terms of correlation functions, this approximation
equivalent to assuming that:~i! all the RDFgab(r ) have the
same dependence onr , being equal to the RDF of the pur
fluid, i.e., gab(r ).gmono(r ), or

hab~r !.hmono~r !; ~26!

~ii ! the number density of the pure fluid is equal to the to
number density of the mixture, i.e.,rmono5r. With Eq. ~26!

andSmono511rmonoh̃mono, this implies Eq.~25!.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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For polydisperse HS, Kotlarchyk and Chen12 defined the
diameter of the effective HS fluid by choosing

smono5^s3&1/3, ~27!

ensuring that the volume fraction~or packing fraction! of the
pure fluidhmono[(p/6)rmonosmono

3 is equal to the total vol-
ume fraction of the mixture,h[(p/6)r^s3&. The resulting
DA structure factors are

Sab~q!.dab1Axaxb@Ŝmono~qmono* ;h!21#, ~28!

SM~q!DA511^w~q!&2@Ŝmono~qmono* ;h!21#, ~29!

SNN~q!DA5Ŝmono~qmono* ;h!. ~30!

On the left hand side of these equations the dependenc
the thermodynamic state and the potential parameters o
mixture have been omitted for simplicity. Moreover, he
and in the following, we simply writehmono5h instead of
rmono* in Ŝmono, since these quantities are proportional.

Before concluding this subsection, some remarks are
propriate. The first one is that the approximation expres
by Eq. ~26! was already proposed in the theory of liqu
mixtures: it is known asrandom mixture, or random mixing,
approximation,9,10 and sometimes is also referred to as t
substitutional model.2 The weakness of this approach is ev
dent from its RDF form, Eq.~26!, because it ignores th
ordering which takes place in the presence of different p
ticle sizes. Therefore, the DA is expected to be a very p
approximation for moderate or even low size polydispers
A second remark is that, for a given interparticle poten
umono, it is possible to choose among several routes to ev
ateSmono from the pure fluid OZ integral equation, by chan
ing the closure. In the luckiest cases an analytical solu
may be available, but a numerical solution is always feasi
For polydisperse HS, Kotlarchyk and Chen12 used the PY
analytical solution for the monodisperse fluid, but other m
accurate closures @as, for instance, the Ballone
Pastore–Galli–Gazzillo29 ~BPGG! or the Rogers–Young30

~RY! approximations# could also be employed. A final re
mark is that DA may be regarded as a scaling approximat
obtained from Eq.~24! with the choicelab51 andsmono

5^s3&1/3.

B. Local monodisperse approximation

This approximation was originally formulated b
Pedersen13 for polydisperse hard spheres, but can be ea
extended to polydisperse fluids with different potentials. A
cording to the original presentation, in LMA ap-component
mixture is approximated by a set ofp noninteracting pure
subsystems~a subscript ‘‘mono-a ’’ will be used to charac-
terize that of speciesa), and the scattering intensity is ca
culated as a superposition of the scattering intensities f
the subsystems, weighted according to the size distribu
of the mixture.

For HS, LMA may be expressed, in terms of part
structure factors, as
Downloaded 18 May 2008 to 82.50.149.65. Redistribution subject to AIP
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Sab~q!.H 0, aÞb

Ŝmono~qa* ;h!, a5b,
~31!

which implies that

SM~q!LMA 5 (
a51

p

xawa
2~q!Ŝmono~qa* ;h!. ~32!

SNN(q)LMA is obtained by putting allwa(q)51. The pure
subsystem of speciesa consists of hard spheres with diam
eter smono-a5sa and at a number densityrmono-a

5r^s3&/sa
3 , which differs, in general, from the densityra

[xar of that species in the mixture. Such a choice for t
rmono-a values of thep subsystems ensures that the volum
fraction of each of these pure fluids,hmono-a

[(p/6)rmono-asa
3 , equals the total volume fractionh of the

mixture. For Smono Pedersen used the PY analytic
expression.13

In terms of pair correlation functions, LMA may be writ
ten as

rAxaxbhab~r !.dabrmono-aĥmono~r a* ;h!, ~33!

which shows that LMA neglects all interactions between p
ticles with different diameters, i.e.,hab(r )50 if aÞb. Ped-
ersen justified this approximation on the ground of a phys
picture, in some sense complementary to DA, which assu
that particle sizes and positions are completely correla
This means that particle size varies slowly with position,
that every particle is surrounded by particles of the same
and the system lookslocally monodisperse. On the other
hand, LMA may simply be regarded, in a correspondi
states framework, as a conformality assumption not forgab

but for Sab , done to reduce the double sum to a single s
in both structure factors.

C. Scaling approximation

After analyzing DA and LMA in terms of pair correla
tion functions, it becomes evident thatexcluded volumeef-
fects are not taken into account correctly by these appr
mations, since the exact hard core conditions,gab(r )50 for
r ,sab , are not satisfied. To avoid this defect and obta
reasonably accurate RDFs of HS mixtures from pure fl
ones with a limited effort, we propose ascaling approxima-
tion, derived from Eq.~21! with the choice

lab5smono/sab and smono5^s3&1/3. ~34!

Sincelabr mono* 5r ab* , with the definitionr ab* [r /sab , our
SA for HS can be written as

gab~r ;r,x;$sgd%!.ĝmono~r ab* ;h!. ~35!

Note thatsmono is the same as in DA, while the choice fo
lab ensures that, whenr ,sab , one getsr ab* ,smono and,
consequently,gab(r )50. Since excluded volume effects a
very important for the structure of condensed fluids, it
therefore reasonable to expect that SA is better than both
and LMA, although it incorrectly assumes that all RDF va
ues at contact are equal:gab(sab).gmono(smono). Once
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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again the choice forsmono ensures that the RDF of the pu
fluid is evaluated at the same packing fraction of the mixtu
From Eqs.~9!, ~24! and ~34! one then finds

SM~q!SA511 (
a51

p

(
b51

p

xaxbwa~q!wb~q!

3
sab

3

^s3&
@Ŝmono~qab* ;h!21# ~36!

with the definitionqab* [qsab . SNN(q)SA is again obtained
from the expression forSM(q)SA by putting allwn(q)51.

It should be noted that our SA closely resembles, alb
it is not identical to, the so-calledvan der Waals one-fluid
~vdW1! approximation.9–11 In vdW1 thermodynamics calcu
lations the mixture is replaced by a single pure fluid, w
averaged potential parameterssx ,ex given by van der Waals
rules

H sx
35(

a
(
b

xaxbsab
3 ,

ex5sx
23(

a
(
b

xaxbeabsab
3 .

~37!

Of course, there is noex and no dependence onT in the
RDFs of HS fluids. Although often presented in the literatu
with a different notation, vdW1 may be regarded as a sca
approximation, obtainable from Eq.~21! with lab

5smono/sab andsmono5sx . This choice forsmono implies
that the vdW1 RDF of the pure fluid is evaluated at a pa
ing fraction,hx[(p/6)rsx

3 , which differs from that of the
mixture,h[(p/6)r^s3&. As a consequence, for HS we ca
write

SM~q!vdW1511 (
a51

p

(
b51

p

xaxbwa~q!wb~q!

3
sab

3

sx
3 @Ŝmono~qab* ;hx!21#. ~38!

D. Exact PY solution

The closed analytical expression forSM(q) of polydis-
perse HS in the PY approximation,SM(q)PY can be found in
Vrij’s original paper5 or in Ref. 6 ~with all charges set to
zero!. The corresponding expression forSNN(q)PY is simply
obtained by puttingFn(q)51 for all form factors in the
SM(q)PY formula.

E. Numerical results

We tested the results forSM(q) obtained from DA,
LMA, SA and vdW1 against Vrij’sSM(q)PY, which is exact
within the PY approximation. Such a comparison requi
the evaluation ofŜmono(qmono* ,hmono)

PY, for which a simple
analytical expression is available.31

Using the Schulz distribution to represent the size po
dispersity, the packing fraction of the HS mixture may
written as

h[~p/6!r^s3&5~p/6!r* ~11s2!~112s2!, ~39!
Downloaded 18 May 2008 to 82.50.149.65. Redistribution subject to AIP
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where we have chosen^s& as the unit of length, and define
the dimensionless densityr* [r^s&3. Since working with
dimensionless variables is very convenient, we also de
r * [r /^s&, s* [s/^s& andq* [q^s&.

The effect of polydispersity on structure factors may
studied by varyings with eitherh or r* constant. Qualita-
tively, the results at a fixed total density and those at a fix
packing fraction are similar. In Figs. 1 and 2 we prese
some results forSM(q) at fixed packing fractionh50.3,
with varying polydispersity,s50.1, 0.3 and 0.5~most of the
experimentals values lie in the range 0 – 0.3). The thre
distributions of diameters were discretized with a grid s
Ds* 50.02, and truncated atscut* 51.68, 3.48 and 5.90
~where f (s)Ds'1028). These values ofscut* correspond to
polydisperse mixtures with a number of componentsp
585, 175 and 296, practically intractable with the availab
algorithms for solving IEs numerically.

At a fixed h, calculatingSM(q) or SNN(q) in the DA,
LMA and SA approximations requires the knowledge
Ŝmono(q̂,h)PY at q̂5q^s3&1/3, qsa and qsab . In other
words, for eachq value, a single evaluation ofŜmono is
needed for DA, a numberp of evaluations is required fo
LMA, and p(p11)/2 evaluations for SA and wdW1. Fo
wdW1, Ŝmono is computed athmono5hx , rather thanhmono

5h. To save computer time in LMA, SA and vdW1 calcu

FIG. 1. Structure factorSM(q) of hard spheres, for different degrees
polydispersitys, at fixed packing fractionh50.3 ~here, and in all following
figures, curves at differents are shifted upwards to avoid overlapping!.
Solid lines: Vrij’s exact PY results. Dashed lines: local mononodispe
approximation, LMA. Dotted lines: decoupling approximation, DA.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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lations, we avoid the repeated evaluations for eachq by tak-
ing advantage of the fact thatŜmonodoes not depend onq and
s separately, but only on their productq̂5qsab5q* sab* .
Thus we can choose a suitable grid sizeDq* and a number
of pointsN, and calculateŜmono(q̂i ,h)PY at the grid points
q̂i5 iDq* ( i 50, . . . ,N21) only once, storing all values in
an array. Of course, the grid pointsq̂i do not exhaust all the
requiredqsab values. Nevertheless, if the grid size is sm
enough, the value of the continuous functionŜmono at q̂
5q* sab* can be approximated with that at the nearest g
point, whose index in the array is simply determined fro
the ratio q* sab* /Dq* . In the worst case,s50.5, to get
SM(q) in a range 0<q* <qmax* '20 ~a reasonable choice!,
Ŝmono(q̂) must be evaluated in a range 0<q̂<max(q*scut* )
'120. To satisfy such a condition and get a good grid siz
q* space,Dq* 5qmax* /N, we chooseqmax* 5p/Ds*550p and
N54096.

Figure 1 shows DA and LMA results forSM(q) versus
the exact PY ones. Similar plots are reported by Pederse13

With increasing polydispersity,SM(q) increases in the low-q
region, its first peak is reduced and shifted to smallerq val-
ues, and the subsequent oscillations are progressi
washed out. The failure of DA, even at low polydispersity,
evident not only at smallq, but also in the first peak region
LMA is significantly better at small scattering vectors, b
does not reproduce the shape of the first peak correctly.

FIG. 2. Structure factorSM(q) of hard spheres, for different degrees
polydispersitys, at fixed packing fractionh50.3. Solid lines: Vrij’s exact
PY results. Dashed lines: scaling approximation, SA. Dotted lines: van
Waals one-fluid approximation, vdW1.
Downloaded 18 May 2008 to 82.50.149.65. Redistribution subject to AIP
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The corresponding SA and vdW1 results are plotted
Fig. 2. Now the agreement with the exact PY data is surp
ingly good in both cases: the position of the first peak is w
reproduced, and its height is only slightly underestimat
However, SA is globally superior: fors50.3 and 0.5 its
worst discrepancies are found near the origin, atq* &2,
whereas the vdW1 curves are somewhat shifted with res
to the exact ones on the left side of the first peak. It should
recalled that, unlike vdW1, SA is evaluated at the true pa
ing fraction of the mixture.

Finally, it is worth looking at the number–number stru
ture factorSNN(q). In Fig. 3 a comparison is made amon
SNN(q)PY, SM(q)PY, and Smono(q)PY. The results for
SNN(q)PY were obtained from our closed analytical expre
sion, which is exact within the PY approximation~Griffith,
Triolo, and Compere32 presented similar data, calculate
without using a closed formula33!. For s50, all these struc-
ture factors coincide, but with increasings the differences
become larger and larger. In particular,SNN(q)PY exhibits a
more rapid flattening of the first peak thanSM(q)PY, while
its increase in the low-q region is much more dramatic~see
the extreme cases50.9, also included!. SinceSNN(0) mea-
sures the fluctuations in the total particle density~irrespec-
tive of the species!, this behavior ofSNN(q) provides more
physical information than that provided bySM(q). Figure 4
then shows theSNN(q) predicted by SA, compared to

er

FIG. 3. Comparison of exact PY results for HS structure factorsSM(q) and
SNN(q), for different degrees of polydispersitys, at fixed packing fraction
h50.3. Solid lines: exact PY results forSNN(q). Dashed lines: exact PY
results forSM(q). Dotted lines: monodisperse structure factor.
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SNN(q)PY. The performance of SA is good in the first pe
region and beyond, but the approximation fails in the lowq
region and is unable to reproduce the number density fl
tuations correctly. This discrepancy is, however, less imp
tant in SM(q), which is the structure factor more direct
comparable with small angle scattering data. In fact, mu
plying Sab(q) by the product of form factorswa(q)wb(q)
reduces the mentioned defect~as already seen in Fig. 2!;
moreover, a significant part of the region nearq50 is ex-
perimentally inaccessible.

V. LENNARD-JONES POTENTIAL

From ea5e^s&(sa /^s&)z and the Berthelot rule, Eqs
~13! and ~7!, it follows that

eab* [
eab

kBT
5

1

T*
SAsasb

^s&
D z

~40!

with T* [kBT/e^s& .
As for HS mixtures, in addition to a densityr*

[r^s&3, it is convenient to define a second dimensionle
variable f[r^s3&, or hLJ[fp/6, which plays the same
role as the HS packing fractionh ~although, rigorously, a LJ
particle has no definite boundary and volume!. For the
Schulz size distribution,f5r* (11s2)(112s2).

We performed IE and MD calculations for LJ mixture
at fixed T* 51, f50.8 (hLJ.0.42) with z52 and polydis-
persity parameters50 ~monodisperse case!, 0.1 and 0.3. For

FIG. 4. Structure factorSNN(q) of hard spheres, for different degrees
polydispersitys, at fixed packing fractionh50.3. Solid lines: exact PY
results. Dashed lines: scaling approximation, SA.
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s50, one hasf5r* , and the corresponding thermodynam
state,r* 50.8, T* 51, is near the triple point in the LJ phas
diagram.15 With increasings at fixedf, r* decreases. Tak
ing into account the superiority of SA with respect to DA
LMA and vdW1 approximation in the polydisperse HS cas
our IE calculations for the LJ potential were restricted on
to SA ~some information about the performance of vdW1 f
LJ potentials can be found in works by Hoheisel, Deite
and Lucas,34,35 but only for binary mixtures!.

Kofke and Glandt22,23 presented similar Monte Carlo re
sults for a polydisperse LJ model ofn paraffins. Unfortu-
nately, since these authors started from an activity distri
tion, rather than a composition distribution, their simulatio
are not directly comparable with our IE calculations.

A. Molecular dynamics simulations

The MD simulations employed 1000 particles, in a cu
with periodic boundary conditions, and, using Anderse
stochastic collision method,36 described a fluid constrained a
constantf50.8 and maintained in contact with a heat ba
The equations of motion were integrated using the veloc
Verlet algorithm.37,38 The atomic diameterss were drawn
from a Schulz distribution at the desireds, with well depths
given by Eq.~40!. To reduce the sampling noise, the dist
bution was periodically regenerated during the simulati
To avoid truncation effects in the Fourier transforms,SM(q)
was evaluated in the simulation directly using the definiti

SM~q!5
^u( iFi~q!exp~ iq–r i !u2&

( iFi
2~q!

, ~41!

whereq is the wave vector,q5uqu, r i is the position of the
i th particle andFi(q) its form factor, Eq.~11!. A similar
expression was used to obtainSNN(q), and we also calcu-
lated itsr -space counterpart, the number–number correla
function31 gNN(r ).

B. Scaling approximation and numerical results

The scaling approximation for the LJ potential is deriv
from Eq. ~21! with the choicelab5smono/sab and smono

5^s3&1/3 @analogous to Eq.~34! for the HS potential#, and

emono5e^s&S smono

^s& D z

, ~42!

which is consistent with Eqs.~13! and ~40!. The SA for LJ
therefore reads

gab~r ;r,x,T;$sgd%,$egd%!.ĝmono~r ab* ;hLJ ,Tmono* !. ~43!

Note thatTmono* decreases with increasings: with Eqs.~22!,
~42! and the Schulz distribution,Tmono* 5T* /@(11s2)(1
12s2)#z/3.

To evaluateŜmono(qab* ;hLJ ,Tmono* ), we solved numeri-
cally, for eachTmono* value, the MHNC-ML integral equation
with N54096 andDr * 50.02 ~which corresponds toqmax*
5p/Dr*550p, just as in the HS case!. From the resulting
Ŝmono, the polydisperse structure factorsSM(q)SA and
SNN(q)SA were finally evaluated from the obvious analog
of Eq. ~36!, in the same manner presented in detail for t
HS potential.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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In Figs. 5 and 6 theSM(q)SA and SNN(q)SA results are
tested against the corresponding MD data. The overall ag
ment is good. Fors50.1 the positions of maxima an
minima and the shape of both structure factors are corre
predicted; only the height of the first peak is slightly und
estimated. Fors50.3 the first peak is well reproduced i
SNN(q)SA, but not equally well inSM(q)SA. On the contrary,
SNN(q)SA is completely off in the region near the origin
where the discrepancy inSM(q)SA is less dramatic. Finally
Fig. 7 shows the behavior ofgNN(r ): also in r space SA
works quite well. In the IE calculations we employed t
expression31

gNN~r !5 (
a51

p

(
b51

p

xaxbgab~r !. ~44!

The MD data for the monodisperse case,s50, have been
found to be in perfect agreement with the Monte Carlo
sults for g(r ) published by Llano-Restrepo and Chapma39

~not reported in Fig. 7!.
The slightly worse performance of SA in the LJ ca

with s50.3, with respect to the HS one with the same po
dispersity, depends only on the higher packing fract
(hLJ50.42, whereash50.3 for hard spheres!.

Finally, it is worth mentioning that we also performe
MD simulations with differentz values (z51 and 3!, and
tested variants of the SA with alternative choices foremono

~for instance, emono5e^s& , or emono5e^s&(smono/^s&)3).

FIG. 5. Structure factorSM(q) of Lennard-Jones fluids, for different degree
of polydispersitys, at fixedf50.8 andT* 51. Points: molecular dynamics
data. Lines: scaling approximation, SA.
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Only very small changes of peak heights were found in
cases. This relative insensitiveness to the well depths m
perhaps be explained by the well known fact that at h
packing fractions the structure depends essentially on the
pulsive part of potentials, while the attractive forces sensi
affect only thermodynamics.

An improved SA could be obtained by replacingTmono*
in Eq. ~43! with Tab* [kBT/eab . This choice would be akin
to the ‘‘mean density approximation,’’40 used for binary LJ
mixtures.34,35,41However, we have not attempted its applic
tion to polydisperse fluids, since it would require the eva
ation of ĝmonoat many different reduced temperatures, whi
is inconvenient when IEs have to be solved numerically.
the particular case of the LJ potential one could take adv
tage of an explicit analytical parametrization for the RD
proposed by Goldman.42 This extension goes beyond th
scope of the present paper and might be the subject of fu
work.

VI. CONCLUSIONS

In this paper we have shown that the structure of sim
polydisperse fluids can be successfully predicted by inte
equation methods, even when no analytical solution is av
able and a numerical one is impracticable because of the
large number of components. We have obtained rather a
rate structure factors by solving IEs for appropriate pure
ids and applying a recipe based upon a corresponding s

FIG. 6. Structure factorSNN(q) of Lennard-Jones fluids, for different de
grees of polydispersitys, at fixed f50.8 andT* 51. Points: molecular
dynamics data. Lines: scaling approximation, SA.
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approach, which assumes conformality of all RDFs in
polydisperse mixture. Thus the hypothesis that all RD
have essentially the same shape, but are scaled with re
to each other, turns out to be physically sound.

The good performance of the scaling approximation
rather concentrated systems is due to a correct treatme
excluded volumes. This feature appears to be lacking in b
the decoupling approximation and the local monodispe
approximation, when these are reformulated in terms of p
correlation functions. The importance of evaluating the pr
erties of the reference pure fluid at exactly the same pac
fraction of the mixture is also to be emphasized. This con
tion is not satisfied by the very similar vdW1 approximatio
A shortcoming of SA is certainly the equality of all RDFs
contact, but this error appears to be a higher order effec
least at high packing fractions.

In conclusion, the proposed SA approximation offers
small angle scattering experimentalists a simple and valu
tool to predict structure factors or to fit data, and has pro
superior to both DA and LMA. We have shown that the S
is applicable to different potentials for nonionic fluids. A
extension of SA to polydisperse ionic mixtures will be pr
sented in a forthcoming paper.

FIG. 7. Number–number correlation functionsgNN(r ) of Lennard-Jones
fluids, for different degrees of polydispersitys, at fixed f50.8 andT*
51. Points: molecular dynamics data. Lines: scaling approximation, SA
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