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Abstract

We consider the mean first passage time of random walks to go from one end of a segment
of a Sinai lattice to the other. We show that the distribution of the mean first passage time over
Sinai disorder obeys a finite-size-multiscaling form.

1. Introduction

The transport characteristics of disordered media are different from those of regular
(homogeneous or periodic) systems, see [1]. The diffusion process is often anomalous.
No general theory of anomalous diffusion has yet been formulated and one focusses
attention on simple prototypes. The Sinai model [2] proposed in the early eighties is
perhaps the simplest of disorder models that exhibit anomalous diffusion.

Sinai considered a particle executing a random walk on a one-dimensional lattice.
When at lattice site j, the particle can hop to j £ 1 with probabilities p; and 1 — p;
respectively. Disorder is modelled by prescribing {p;} to be a set of independent and
identically distributed random variables. p; is bounded away from O and 1, and the
logarithm of (1—p;)/p; has zero mean and finite variance, o2, Notice that this condition
implies that 8 = ((1 — p;)/p;) is greater than unity, where the angular brackets denote
an average over the distribution of p;. For typical disorder configurations, Sinai showed
[2] that the mean square displacement increases very slowly as the fourth power of the
logarithm of time.

An alternate description of the random walk process consists of investigating the
statistics of the first passage time (FPT) to a given site N (absorbing right boundary),
starting from an initial site 0 (reflecting left boundary). At site 0, we have py as the
right jump probability and 1 — py as the sojourn probability. Let 5 v denote the FPT.
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For a given realization of the set {p;;i =0, N — 1}, let ¢ = 7 » be the mean first passage
time (MFPT), where overbar denotes average over an ensemble of all possible random
walks that start at 0, and eventually terminate at N. An exact expression for ¢t in terms
of the quenched jump probabilities can be derived, see [3], and is given below:

N]l N-1 i 1—Pj
;E Zpkt;lj—lk—!l Pj . (1)

Disorder average of ¢ can be carried out explicitly and asymptotically (N — co) we get
(~ 8", (2)

where the angular brackets denote an average over {p;;i =0, N — 1}. We observe that
this result corresponds to that of simple random walks with p; = p < %, Vj. The bias
(1 — p)/p is disorder dependent and equals B. A relevant statistics in the context of
disordered systems is the typical value, denoted by f and is defined as exp[{In¢)].
Noskowicz and Goldhirsch [4] showed that asymptotically

f~exp [0'\/7r—/EN1/2] , (3)

which is much smaller than (¢}, see also [3,5]. This suggests that the distribution of
MEPT over the Sinai disorder is broad with a long tail.

For the purpose of numerical investigations, it proves useful to consider a simple
dichotomic model of the Sinai disorder, and accordingly we prescribe p; to take values
of % + € with equal probabilities. The parameter € measures the strength of disorder, and
can take values between O and % The larger the value of e, the stronger is the disorder.
€ = 0 corresponds to simple random walks, with p; = %, Vj. It is easily verified that
the above prescription for the distribution of p; obeys the Sinai condition. A Monte
Carlo simulation [6], employing the dichotomic model, indicated that the distribution
of MFPT has an 1/¢ tail, see also {7]. A numerical study, employing exact enumeration
technique, showed that the distribution of MFPT is multifractal [8], and the fractal
dimension varies with €. In a recent study [9] we derived an analytical expression for
the variation of the fractal dimension with € and demonstrated that the fluctuations of the
MFPT from one disorder configuration to the other exhibit statistical self-similarity. We
established explicitly, see [9], the connection between the generalized Renyi dimension
[10] characterizing the multifractal behaviour and the exponents ¢(gq) (defined below)
characterizing the divergence of the moments of the distribution of MFPT.

In this paper we shall show the connection between the aforementioned characteriza-
tions of multifractal behaviour and the finite-size-multiscaling description introduced in
Ref. [11]. We demonstrate explicitly that at least within the framework of this simple
toy model, all the three seemingly different characterizations of multifractal behaviour
are related, each to the other.
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2. Distribution of MFPT

Consider the dichotomic model of the Sinai disorder. For a given N, there are 2V
possible disorder configurations. The MFPT for each configuration can be calculated
exactly, employing Eq. (1) and let {#;;i = 1,2} denote these values. It is seen that
7=min{¢;} is obtained when p; = % + €, V). From Eq. (1) we get

N 1-2¢ 1-2¢e\"
= -1/,
T2t g [(1 +26> J 4
which diverges linearly, for large N. On the other hand, T = max{¢;}, obtained when
pj= % — €, Vj, and is given by

N
1+2¢
— —-1].
(12"
T diverges exponentially with N. Thus the distribution of the MFPT defined between
(~ N) and (~ eV), becomes broader and broader as N — co. Fig. 1 depicts log-log
plots of the distributions for € = 0.35 and N ranging from 10 to 26 in steps of 2. Our

aim here is to investigate the asymptotic scaling form of the MFPT distribution and to
this end we turn our attention below.

N 1+ 2

T=——— 42
2e 8e?

3. Scaling of the MFPT distribution

Let p(t,T) denote the distribution the MFPT, where we have chosen T, see Eq. (5),
as the system parameter for characterising the scaling behaviour. This is a natural choice.
The random variable ¢ is time rather than length, and hence in a sense 7T takes the same
role as the system size in finite-size-scaling pictures { 12]. This analogy however, should
be taken with caution since T is related to the system size (N in our terminology) by

Eq. (5).

In a simple finite-size-scaling approach we would say that the distribution p scales as
p(t,T) =t77g(¢/T*) =T g(t/T*), (6)

where v = y/u and g(x) = g(x)/x”. In the above, v and u are the scaling exponents
and g(x) the scaling function, such that g(x) — a constant as x — 0, thus ensuring
that one does indeed get a power law ™ as T — oo, and g(x) — 0 (sufficiently fast),
in order to have a well-behaved distribution at infinity. By a simple change of variables
it is easy to show that the distribution (6) is normalized to unity only if » > 1 (and in
that case g(0) =»v — 1).

On the other hand if we consider the moments of ¢, they behave, see [9], as

M(q,T) = /drﬂp(t,T) ~ TP, (7
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Fig. 1. Distribution of MFPT; ¢ = 0.35.

where £(q) is the exponent characterising the asymptotic (T — oo) behaviour of the
gth moment. Assuming (6) one can easily derive that £(q) = u(g+1-v»)ifg>r—1
and £(gq) = 0 otherwise. In this simple case a plot of ' p(¢,T) versus t/T* would
render the different data sets corresponding to different values of T (or equivalently N)
collapse to a single scaling curve. We tried this scaling with several pairs of values of
(v, u) for € =0.35 and N ranging from 10 to 26 in steps of 2. We could not detect any
tendency for data sets to collapse.

The generalization of the above picture is a multi-finite-size-scaling ansatz for a family
of functions p(z,T) that depend on the parameter a, see [11], and is given below:

p(1,T) =1~ @ (T’;) =7 f@g (). (8)
In the above, as before, ¥(a@) = f(a)/a and 3(x) = g(x)/x¥(@.

The simple scaling and multifractal scaling would agree with each other only for the
case when there is a single scaling function and £(q) is linear in g. Otherwise there
would exist a continuous spectrum of scaling exponents, a and f(a) corresponding to
all the values taken on by g = df/da.

In practice, to detect if the data sets obey an asymptotic multifractal scaling form, we
should plot log[ p(#,T)]/log(T) versus log(t)/log(T) for several large values of T.
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Fig. 2. Multifractal scaling form of the distribution of MFPT. The scaling parameter T is a function of N and
€, see Eq. (5); € =0.35; 1o = To = 7; see Eq. (4), for an expression of 7 in terms of N and €.

This is called f-a representation of the data sets. Fig. 2 depicts nine sets of data in the
f-a representation for the case with € =0.35 and N ranging from 10 to 26 in steps of
2. We observe a good collapse of the nine data sets. In our analysis, following [11], we
have expressed ¢t and T in units of 7, and hence in Fig. 2, to = Ty = 1, see Eq. (4) for
an expression of 7 in terms of N, and €. We observe that in Fig. 2, if we delete the data
points that correspond to N =10, 12 and 14, the remaining six data sets collapse more
sharply. This indicates that the asymptotic multifractal scaling form is perhaps reached
when N is greater than 16 or so.
A final remark is in order! . Following [13], we can define a potential

" — (1-p;)
Uiy =) log—. (9)
= bi

Then from Eq. (1) it is easy to see [3-5] that for N > 1,

logt n—
log! ey (10)

! We are indebted to Deepak Dhar for bringing this point to our attention.
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Fig. 3. Same as in Fig. 2 but with T replaced by 7, the typical MFPT.

where x is the appropriate continuum limit of the above quantity. According to this
argument, it appears that the correct scaling variable to be used in Fig. 2 is log(¢) / log(?)
and not log(t)/log(T). We have checked this out, and Fig. 3 depicts the data sets in
the f-a representation with 7 taken as the scaling parameter. The collapse of the data
sets is much less satisfactory than in the previous case. We feel that the reason for this
discrepancy should be traced to the presence of rare events with high values of ¢ which
are precisely the ones responsible for the fact that typical and mean values of MFPT do
not coincide. We plan to pursue these investigations by taking N far beyond 26 and for
different values of € in order to clarify this issue. Also, we plan to investigate whether
there also exists a scaling form with respect to the strength of disorder, €.

4. Conclusions

We have investigated the distribution of the mean first passage time over Sinai disor-
der. We find that the distribution has a finite-size-multiscaling form. Our present results
provide with the missing step in the connections amongst the three possible characteri-
zations of multifractality within the framework of the model.
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