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A relation between two exponents characterizing the scaling behavior of random agglomeration
models with particle injection is proposed and verified by numerical simulations. This relation,
and a link between diffusion-limited agglomeration models with and without injection combined
with an exact solution of the latter, leads to a solution of the former in arbitrary dimensionality.
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Agglomeration phenomena are irreversible processesndomly distributed in space with a mean concentration
that often lead to scale invariant behavior of variouscy. Generally, at long times, a scaling regime sets in,
quantities [1-8]. They provide the simplest idealizationduring which the average mass grows algebraically with
in a variety of contexts ranging from the coalescencdime (M) ~ 2/3 or, equivalently, the mean concentration
of fluid vortices to the accretion of cosmic dust into decays with time as(r) ~ =23 [2].
planets, and include gelation and aerosols. From a A related but more complex problem is one of ballistic
fundamental point of view, studies of agglomeration haveagglomeration with injection. Here, one assumes that,
shown the important role, in low dimensionalities, of during the agglomeration process, unit masses with a
rare fluctuations in modifying the mean field behaviorvelocity distribution as before are being injected randomly
[1]. The principal theme of this Letter is the derivation into the system at a constant rate. At long times we have
of a relationship between exponents characterizing thebserved in computer simulations th = 1 that a steady
scaling behavior in the steady state of processes in whic$tate is reached in which the concentration of particles is
new particles are being injected at a constant rate duringonstant and the distribution of masses becomes algebraic,
the agglomeration. The scaling arguments employed are P(M) ~ M7 1)
general and independent of the microscopic details of the ’ ]
agglomeration process. We have verified this numericalljor masses\ > 1. The upper cutoff for the algebraic
in two different cases; a ballistic agglomeration model inPehavior increases with time. .
1D and a diffusive lattice gas in 2D. This relationship We now turn to the second type of dynamics for the
is also demonstrated to be useful for obtaining a completdgglomerating particles. This involves the diffusion of
solution of the problem of diffusion-limited agglomeration the particles with the simplifying assumption that the
with injection by relating it to the corresponding problem diffusion is independent of the mass of the agglomerated
without injection, for which the exact solution is known Particle. Unlike the case with ballistic dynamics, here it
[7]. The exact result in 1D [8] is also recovered. is convenient to put the diffusing particles on a lattice

We shall consider two types of dynamics for thean_d allow 'ghem to move to a randomly chosen nearest
agglomerating particles. In both cases, the agglomeratiofeighbor site [1,3,7,8]. Agglomeration occurs if two
process is assumed to be instantaneous. In the first, vRarticles arrive at the same site at the same time. In
postulate that the particles undergo completely inelastiéhe absence of injection, this corresponds to the exactly
collisions. When two masseM; and M, collide and solved random annihilation model or the diffusion-limited
agglomerate, mass and momentum are assumed to Feaction A + A — A [7], in which the concentration
conserved. The agglomerated object has a new mass @€cays as

M; + M, and the appropriate velocity for momentum l:f/z D <2
conservation to hold. The particles are assumed to c(t) ~ fflml D=2. 2)
move ballistically between collisions. Without injection, t D >2

this model has been studied previously [2,4—6]. In In the presence of injection, the random aggregation
one dimension, one may start the agglomeration procesaodel again leads to a steady state characterized by an
by considering unit masses with individual velocitiesalgebraic distribution of masses of the form given by
chosen randomly from a uniform distribution in, say, theEq. (1). This model has been studied in various contexts
interval between—1,1]. The masses are assumed to bg[8—13] which include Abelian sand piles and the Voter
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model. By a direct study; is known to bet/3in D =1  dimensionality. This result was obtained earliedin= 1

and3/2 within mean field theory [8]. Nevertheless, there [8], using explicitly the exact solution.

have been questions raised about the value of the upperWe first turn to a proof of the scaling relation (4). To

critical dimension above which mean field theory is valid,this end, we define a quantiy; as theage of the oldest

and in which logarithmic corrections to the power law particle constituting the composite particle with label

scaling would be expected [8]. We proceed to make a scaling ansatz for the probability
Motivated by the algebraic decay of the concentratiordistributions of the masse# and the ages< defined

in the agglomeration process without injection, we intro-above:

duce a new quantity in the model with injection whose

power law scaling will be shown to be relatedito Con-

sider a shapshot in the steady state of the agglomeration —y

process, ballistic or diffusion limited. All the particles X, T) = X" f(X/T), (11)

present at that instant are defined to belong to the firsjhere 7 is the total number of time steps. Equation
generation. During the subsequent agglomeration procesg0) is a generalization of (1) which takes into account
by definition, the number of first generation particles de+injte time effects, while the exponent in Eq. (11) is
creases by one when two of them coalesce. A coalescen@@lua| to(a + 1) from Eq. (3). The latter result follows
of a first generation particle and one that is not leads to &om the observation thatl is simply proportional to the
merged particle that still carries the first generation labeliime derivative ofc. Note that bothX and 7 have the
As in the models without injection, the concentration ofsgme dimensions of time. Recognizing that the mean
first generation particles decays algebraically with time  mass (averaged over each of the particles and for all
c(r) ~ 1 “. (3) the T time steps) ought to be proportional ®© [the
We summarize the key results of our paper as follows:Proof is given later in Eq. (13) for a more general case]

. We will show from scaling that and « are related @nd requiring thatP(M, T)dM = II(X,T)dX [14] with
to each other by X ~ T ~ M'/¢, one obtains

@ (4) pQ—-7)=1 and ¢ = ¢, (12)
a+1°
Il. We will present the results of a simulation of the

D = 1 ballistic agglomeration process with injection from
which we find

P(M,T)=M""f(M/T?), (10)

T=1+

respectively. Substituting faf in terms ofa, one obtains
the scaling relation (4).

We now consider the proof of result above. Let
r;(t) and M;(¢) denote independently distributed random

T = 1218 = 0.001 (5)  variables=0 that represent the injected mass and the
and agglomerated mass at site at time ¢, respectively.
a =0.279 = 0.05, (6) The mean mass, averaged over each of the sites of a

hypercubic lattice of linear siz& and for all theT time

in accordance with Eq. (4). .
a. 4 steps, averaged over the randomness is given by

lll. For the simple case of diffusion-controlled agglom-

eration in which the dynamics of the particles is indepen- . 1
dent of their mass, the decay exponent of first generation (M(T)) = l'ﬂlo<ﬁ ZMI‘(’)>
particles may be deduced from the exact solution for the . bt ,
case without injection, EQq. (i)),z);e _ l'Lnoo T Zt _Z<t<fi(s)>
a=172 : 7) A
1 D=2 . 1
This is because the injected particles do not slow down =m T Z(r,-(s)}(T =)
the coalescence of the first generation particles, unlike in 1 ” T — 1
the ballistic case. = _<r>Z(T — ) = (ry. (13)
IV. The scaling relations then show that T s 2

2ADF) . ;. . L
r= [ (D3+2) (8)  In the third stepzj is restricted to siteg at times whose
5 D>2 injected masses are agglomerated atis#etime:. Thus
if (r) is finite, Eqg. (13) shows that the arguments used

with . A . . )
3n 12 B for th_e uniform injection case are still valid, the scaling
P(M) ~ M ~'“(InM) D=2, (9)  laws in Eqg. (12) hold, and the exponents remain the same
confirming that the upper critical dimension of the randomas before. We note that all our results on the diffusion-
agglomeration model with injection & = 2. limited agglomeration model are generalizable to fractal

V. We also show that randomness in the injectiongeometries [15] with the spectral dimension playing the
in the diffusion-limited case is irrelevant in arbitrary role of D.

3279



VOLUME 79, NUMBER 17 PHYSICAL REVIEW LETTERS 27 OTOBER 1997

In(t—t,) In(t-t,)

FIG. 1. Plot of the decay of the number of particles presenfIG. 2. The decay of the particles present at some tjjrfer

at some initial time# in the steady state for ballistic diffusive agglomeration with injection in 2D. The line, which
agglomeration with injection in 1D. The decay is algebraichas been shifted for clarity, shows the existence of logarithmic
with an exponentr = 0.279. The continuous line is a guide corrections as described in the text. The inset shows the
the eye. In the inset, the corresponding integrated massorresponding integrated mass distribution which is consistent
distribution follows an algebraic distribution giving= 1.218. with Eq. (9).
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