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1 MomentsGiven a measure spa
e (Ω,F , ν) de�ne the Expe
ted Value as
E [h(x)] =

∫

Ω

h(X(ω))dν(ω) (1)We de�ne the following:
• k�th moment of X:

E
[

Xk
] with k ≥ 1, k ∈ N (2)

• k�th absolute moment:
E

[

|X|k
] with k ≥ 0, k ∈ N (3)

• norm of order k:
‖ X ‖k=

(

E
[

|X|k
])1/k with k ≥ 0, k ∈ N (4)

• k�th 
entral moment:
µk = E

[

(X − µ)k
] with k ≥ 1, k ∈ N (5)where µ = E [X1] (the mean) is the moment of order 1.Moments and Norms are de�ned as long as the 
orrespondent integrals exist.PROPOSITION:Given ν(Ω) < ∞, if E [|X|r] exists and is �nite then also E [|X|s] is �nite

∀ 0 ≤ s ≤ r. Further on, also E
[

Xk
] exists and it's �nite ∀ 0 ≤ k ≤ r.Proof:To prove the proposition we need the following disequality:

|x|s ≤ 1 + |x|r ∀ 0 ≤ s ≤ r r, s ∈ N (6)w.l.g. we 
onsider only positive values of x (the absolute value is a sym-metri
 fun
tion). 2



a) 0 ≤ x ≤ 1

=⇒ 0 ≤ xs ≤ 1 ∀s

=⇒ xs ≤ 1 + A where A is any positive quantity
=⇒ xs ≤ 1 + |x|r, 0 ≤ r ≤ sb) x > 1

=⇒ xt ≥ 1 where t = r
s
≥ 1

=⇒ xr ≥ xs

=⇒ 1 + xr ≥ xsTherefore inequality (6) is proved.Apply the Expe
ted Value to both sides of inequality (6):
E [|X|s] ≤ 1 + E [|X|r] ∀ 0 < s ≤ r (7)The inequality is maintained sin
e the Expe
ted Value is a linear fun
-tion. From (7), if E [|X|r] exists and is �nite, also E [|X|s] is �nite. Q.E.D.The proof of the se
ond part of the proposition is omitted.EXAMPLE:In a probability spa
e (ν(Ω) = 1)

σ2 = E
[

(X − µ)2
]

< ∞ ⇐⇒ E
[

X2
]

< ∞Proof:
=⇒It's easy to prove that σ2 = E [X2] − µ2.
0 < σ2 < ∞ ⇐⇒ 0 < E [X2] − µ2 < ∞Sin
e µ2 is positive, E [X2] must be �nite.3



⇐=By the proposition, E [X2] < ∞ =⇒ E [X1] = µ < ∞. Sin
e σ2 =
E [X2] − E [X]2 the result follows.In the following se
tions we will limit our attention to the 
ase ν(Ω) = 1,i.e. we restri
t ourselves to probability spa
es.2 Base (Generalized Chebyshev) InequalityLet g ≥ 0 be an even, non�de
reasing fun
tion in R

+. Let (Ω,F , ν), ν(Ω) = 1be a probability spa
e. If g is ν�measurable
P (|X| ≥ λ) ≤

E [g(X)]

g(λ)
∀ λ > 0 (8)Proof:

E [g(X)] =

∫

Ω

g(x)dν(x)

=

∫

|x|≥λ

g(x)dν(x) +

∫

|x|<λ

g(x)dν(x)

≥

∫

|x|≥λ

g(x)dν(x)

≥ g(λ)

∫

|x|≥λ

1dν(x)

= g(λ)P (|X| ≥ λ)Q.E.D.The only non�trivial step is the third, that is given by the fa
t that g ispositive and non-de
reasing.3 Markov Inequality
P(|X| ≥ λ) ≤

E [|X|r]

λr
∀ λ > 0 (9)Proof:The result follows from the Base inequality setting g : x 7→ |x|r.4



4 Chebyshev Inequality
P(|X − µ| ≥ λ) ≤

σ2

λ2
∀ λ > 0 (10)Proof:Remember that µ = E[X] e σ2 = E [(X − µ)2].The result follows from the Base inequality setting g : (x−µ) 7→ (x−µ)25 Convex Fun
tions

• A real valued fun
tion f : I 7→ R is 
onvex if
f (αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y)

∀ x, y ∈ I

∀ α ∈ [0, 1]
(11)

• If f is a 
ontinuous fun
tion, an equivalent de�nition is
∀ c ∈ I, ∃b(·) : f(z) ≥ f(c) + b(z − c) ∀ z ∈ INote that the fun
tion b is not res
tri
ted, 
an be either a positive ora negative�valued fun
tion.

• If f is also di�erentiable, an equivalent de�nition is f ′(x) is an in
reas-ing fun
tion in x.
• If f is twi
e di�erentiable, f is 
onvex is equivalent to f ′′(x) ≥ 0 ∀x ∈ ITHEOREM: Supporting HyperplaneLet f : I 7→ R be a 
onvex fun
tion. Then ∀x0 ∈ I exists a linearfun
tion l(x) = a0 + b0x su
h that f(x) ≥ l(x) ∀x 6= x0, and f(x0) = l(xo).The fun
tion l(x) is 
alled supporting hyperplane1.1it's 
alled hyperplane be
ause the theorem holds also for 
onvex fun
tions in R

n
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6 Jensen InequalityGiven a probability spa
e (Ω, F, ν), ν(Ω) = 1, let g : (a, b) 7→ R be a 
onvex
ν�measurable fun
tion, where −∞ ≤ a < b ≤ +∞.If E[X] exists and it's �nite (and therefore E[X] ∈ (a, b)), then

g (E[X]) ≤ E [g(X)] (12)For stri
tly 
onvex fun
tions (12) holds with equality i� X = E[X] a.e.Proof:Let l(·) be the supporting hyperplane of g(·) in x0 ≡ E[X]. Then
E[g(X)] ≥ E[l(X)]

= l(E[X]) sin
e l is a linear fun
tion and ν(Ω) = 1

= g(E[X]) sin
e g(·) = l(·) in x0 ≡ E[X]

g(X)−l(X) ≥ 0, and therefore E[g(X)] = E[l(X)] i� g(X) = l(X) a.e. ⇐⇒
X = E[X] a.e..Q.E.D.7 Chau
hy�S
hwarz InequalityIf the E[X2], E[Y 2] exist and are �nite, then also E[|XY |] exists and is �nite.Moreover,

E[|XY |]2 ≤ E
[

X2
]

E
[

Y 2
] (13)Proof:(a) Existen
e:

(X − Y )2 ≥ 0

X2 − 2|XY | + Y 2 ≥ 0

2|XY | ≤ X2 + Y 2

|XY | ≤ X2 + Y 2

E[|XY |] ≤ E[X2] + E[Y 2]6



The transformed r.v. |XY | 
an only assume positive values, therefore
E[|XY |] =

∫

Ω
|XY (ω)|dν(ω) exists. From the last inequality (Triangular In-equality), �niteness of E[X2] and E[Y 2] imply �niteness of E[|XY |]. By theproposition proved in the �rst se
tion, existen
e and �niteness of E[|XY |]imply existen
e and �niteness for E[XY ](b) Chau
y�S
hwartz inequality:Given that E[|XY |]2 = E[XY ]2, we prove E[XY ]2 ≤ E [X2]E [Y 2].

∀z ∈ R we have
0 ≤ E

[

(zX + Y )2
]

= z2E[X2] + 2zE[XY ] + E[Y 2]The last equality 
omes from the linearity of E[·]. The dis
riminant ofthe quadrati
 equation in z is
√

4 (E[XY ]2 − E[X2]E[Y 2]),And sin
e the equation is always non�negative,
E[XY ]2 − E[X2]E[Y 2] ≤ 0Q.E.D.EXAMPLE: Inequalities for 
orrelation 
oe�
ientIf X, Y are r.v. with �nite (and positive) varian
e, then

−1 ≤ ρ ≤ 1 where ρ =
Cov(X, Y )

√

Var(X)Var(Y )Proof:Let X ′ = X − E[X], Y ′ = Y − E[Y ], and apply the Chau
y�S
hwartzinequality to the transformed variables:
E

[

∣

∣(X − E[X])(Y − E[Y ])
∣

∣

]2

≤ E
[

(X − E[X])2
]

E
[

(Y − E[Y ])2
]

E
[

∣

∣(X − E[X])(Y − E[Y ])
∣

∣

]

≤
√

Var(X)Var(Y )

| · | is a 
onvex fun
tion, by Jensen inequality |E[Z]| ≤ E[|Z|]:7



∣

∣

∣
E[(X−E[X])(Y −E[Y ])]

∣

∣

∣
≤ E

[

∣

∣(X−E[X])(Y −E[Y ])
∣

∣

]

≤
√

Var(X)Var(Y )

|Cov(X, Y )| ≤
√

Var(X)Var(Y )

|ρ| ≤ 1

−1 ≤ ρ ≤ 1Q.E.D.
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