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1 Moments

Given a measure space (€2, F,v) define the Expected Value as

Blh@)] = | hX()ir(w) 1)
We define the following;:
e k—th moment of X:
E[X"]  withk>1 keN (2)
e k—th absolute moment:
E[|X"] with k >0, ke N (3)
e norm of order k:
| X k= (E[IX[]))"" with k >0, k€N (4)
e k—th central moment:
e = E[(X — p)¥] with k> 1, k€N (5)

where ;1 = E'[X1] (the mean) is the moment of order 1.

Moments and Norms are defined as long as the correspondent integrals exist.
PROPOSITION:

Given v(Q2) < oo, if E[|X]"] exists and is finite then also F [|X|*] is finite
V 0 < s <r. Further on, also E [X*] exists and it’s finite V 0 < k < r.

Proof:
To prove the proposition we need the following disequality:

] <1+z]" VO<s<r rseN (6)

w.l.g. we consider only positive values of z (the absolute value is a sym-
metric function).



—0<2*<1 Vs

— 2" <14+ A where A is any positive quantity
— 2 < 14 |z, 0<r<s
b))z >1

— o' > 1 where t = > 1

= " > z°

— 1+a2" >

Therefore inequality (6) is proved.

Apply the Expected Value to both sides of inequality (6):

EX|]<1+E[X|] Vo<s<r (7)

The inequality is maintained since the Expected Value is a linear func-
tion. From (7), if E [|X|"] exists and is finite, also F [|X|*] is finite. Q.E.D.

The proof of the second part of the proposition is omitted.

EXAMPLE:
In a probability space (v(Q2) = 1)

0 =FE[(X —p)’] <oo+= E[X?] <0
Proof:

=
It’s easy to prove that 0% = F[X?] — u?.
0<o?<o0<=0< FE[X? - <

Since p? is positive, £ [X?] must be finite.



P—

By the proposition, F[X?] < co = F[X!] = u < oco. Since 0? =
E[X? — E[X]’ the result follows.

In the following sections we will limit our attention to the case v(Q2) = 1,
i.e. we restrict ourselves to probability spaces.

2 Base (Generalized Chebyshev) Inequality

Let g > 0 be an even, non-decreasing function in R*. Let (2, F,v), v(Q2) =1
be a probability space. If g is v—measurable

Elg(X)]

P(IX]2 %) < = 7S

VA>0 (8)

Proof:

=g(MP (| X| > A)
Q.E.D.

The only non-trivial step is the third, that is given by the fact that g is
positive and non-decreasing.

3 Markov Inequality

p(x|=n < 2 yaso )

Proof:
The result follows from the Base inequality setting ¢ : z — |z|".
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4 Chebyshev Inequality

[\

P(|X—/,c|2)\)§% YA>0 (10)

Proof:
Remember that p = E[X] e 0? = E[(X — p)?).

The result follows from the Base inequality setting g : (z —p) — (z — u)?

5 Convex Functions

A real valued function f : I — R is convex if

flaz+(1—a)y) <af(z)+(1—a)f(y)
Ve,yel (11)
Vo€ 0,1]

If f is a continuous function, an equivalent definition is

Veel, () : f(z) > fle)+blz—c) Vzel

Note that the function b is not resctricted, can be either a positive or
a negative—valued function.

If f is also differentiable, an equivalent definition is f’(x) is an increas-
ing function in x.

o If f is twice differentiable, f is convex is equivalent to f”(z) > 0Vx € I

THEOREM: Supporting Hyperplane

Let f : I — R be a convex function. Then Vx, € I exists a linear
function [(x) = ag + bz such that f(x) > (x) Vo # xo, and f(xy) = l(x,).
The function /(x) is called supporting hyperplane’.

Lit’s called hyperplane because the theorem holds also for convex functions in R®



6 Jensen Inequality
Given a probability space (2, F,v), v(2) =1, let g : (a,b) — R be a convex

v—measurable function, where —oo < a < b < 4o00.
If F[X] exists and it’s finite (and therefore E[X] € (a,b)), then

g(E[X]) < Eg(X)] (12)
For strictly convex functions (12) holds with equality iff X = E[X] a.e.

Proof:

Let I(-) be the supporting hyperplane of ¢(-) in g = E[X]. Then

= (F[X]) since [ is a linear function and v(Q2) = 1
= g(E[X]) since g(-) = I(-) in zp = E[X]

g(X)—=I(X) > 0, and therefore E[g(X)] = E[l(X)]iff g(X) = |(X) a.e. <=
X = E[X] ae..

7 Chauchy—Schwarz Inequality

If the E[X?], E[Y?] exist and are finite, then also E[|XY|] exists and is finite.
Moreover,

E|XY|* < E[X*] E[Y?] (13)
Proof:
(a) Existence:
(X-Y)? >0
X2 -2|XY|+Y? > 0
21XY| < X?4+Y?
IXY| < X?2+Y?
E|XY|] < E[X*+E[Y?



The transformed r.v. |XY| can only assume positive values, therefore
E[|XY|] = [, XY (w)|dv(w) exists. From the last inequality (Triangular In-
equality), finiteness of E[X?] and E[Y?] imply finiteness of E[|XY|]. By the
proposition proved in the first section, existence and finiteness of E[|XY]
imply existence and finiteness for E[XY]

(b) Chaucy—Schwartz inequality:
Given that E[|XY|]> = E[XY]?, we prove E[XY]* < F[X? E[Y?].
Vz € R we have

0< E[(z2X +Y)?] = 22E[X? 4+ 22E[XY] + E[Y?]

The last equality comes from the linearity of E[-]. The discriminant of
the quadratic equation in z is

VA(BIXY] — E[X?E[Y?),

And since the equation is always non—negative,

E[XY) - E[X)E[Y? <0
Q.E.D.

EXAMPLE: Inequalities for correlation coefficient

If X, Y are r.v. with finite (and positive) variance, then

Cov(X,Y)
v/ Var(X)Var(Y)

—-1<p<1 where p =

Proof:

Let X' = X — E[X], Y =Y — E[Y], and apply the Chaucy-Schwartz
inequality to the transformed variables:

IA

E[|(x — BEXD(Y - EWDI] < E[(X~ BX)?] B [(vY - B[]

EWX—EWMY—EWM]< /Var(X)Var(Y)

| - | is a convex function, by Jensen inequality |E[Z]| < E[|Z|]:
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B{(X-EX)(Y=EY])]| < B]|(X-EX])(y ~E[Y])|]| < v/Var(X)Var(Y)

|Cov(X,Y)| < +/Var(X)Var(Y)
ol < 1
-1< p <1

Q.E.D.



